COTORSION-FREE GROUPS
FROM A TOPOLOGICAL VIEWPOINT

KATSUYA EDA AND HANSPETER FISCHER

ABSTRACT. We present a characterization of cotorsion-free abelian groups in
terms of homomorphisms from fundamental groups of Peano continua, which
aligns naturally with the generalization of slenderness to non-abelian groups.
In the process, we calculate the first homology group of the Griffiths twin cone.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The purpose of this paper is to establish new connections between two recent
developments in “wild” algebraic topology and to provide a new topological per-
spective on cotorsion-free abelian groups. Specifically, we give a characterization of
cotorsion-free abelian groups in terms of homomorphisms from fundamental groups
of Peano continua. In the process, we calculate the first homology group of the
Griffiths twin cone.

Our results are stated in terms of normal subgroups 7(U, z) of the fundamental
group 71 (X, ) with respect to open covers U of X that first appeared in [32, §2.5]
and have since come into renewed focus: 7(U,z) is generated by all elements of
the form [a - § - a~] with a path « : ([0,1],0) — (X, z), an open set U € U such
that a(1) € U, and a loop 8 : ([0,1],{0,1}) — (U, (1)), where - denotes path
concatenation and o~ () = a(1 — t) denotes the reverse of the path a.

These subgroups have been playing prominent roles in two different contexts:
the generalization of slender groups and the generalization of covering spaces.

1.1. Noncommutatively slender groups. A torsion-free abelian group A is said
to be slender if for every homomorphism h : ZN — A there is an n € N such that
h((ck)ren) = 0 whenever ¢, = 0 for all k& < n. The slender groups form a subclass
of the cotorsion-free groups: an abelian group is slender if and only if it is cotorsion-
free and contains no subgroup isomorphic to Z" [31]. Recall that an abelian group
A is called cotorsion provided that whenever A is a subgroup of an abelian group
B with B/A torsion-free, we have B = A & C for some subgroup C of B. In turn,
A is called cotorsion-free if it does not contain a nonzero cotorsion subgroup.

The concept of slenderness can be generalized to non-abelian groups by replacing
7N with the fundamental group m; (H,0) of the Hawaiian Earring H, that is, the
subspace of the Euclidean plane comprised of the union of the circles Cy, = {(x,y) €
R? | 22 + (y — 1/k)> = 1/k*} (k € N) accumulating at the origin o = (0,0).
Accordingly, a group G is called noncommutatively slender (or n-slender for short)
if for every homomorphism b : 71 (H, 0) — G there is an n € N such that h([7]) =1
for all loops 7 in (J,-,, Ck. For example, every free group is n-slender [26, 27, 29].
An abelian group is n-slender if and only if it is slender [10]. In general, we have
the following characterization [12]: A group G is n-slender if and only if for every
Peano continuum X and every homomorphism h : m1 (X, 2) — G, there is an open
cover U of X such that h(n(U,x)) = 1.
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The fundamental group m(Y,y) of a path-connected topological space Y is
n-slender if and only if every homomorphism h : m(H,0) — 71(Y,y) is induced
by a continuous map f : (H,0) — (Y,y) with h = fg [10]. The interplay of
n-slenderness with free o-products, as further investigated in [11], forms the foun-
dation for the classification of the homotopy types of one-dimensional spaces by the
isomorphism types of their fundamental groups [13].

1.2. Generalized covering spaces. Let X be a path-connected topological space,
x € X, and let Cov(X) denote the collection of all open covers of X. Observe that
S={nl,z) |U € Cov(X)} is a collection of normal subgroups of 71 (X, z) which
is inversely directed by refinement: if V refines U, then 7(V,z) < (U, x).

We define

(X, x) = m (U, x)

UeCov(X)

and call this normal subgroup of 71 (X, x) the Spanier group of X. Provided X is
also locally path-connected, X admits a universal covering space if and only if S
contains a minimal element, i.e., 7°(X,z) = (U, x) for some U, and it admits a
simply-connected covering space if and only if (U, x) = 1 for some U [32].

In general, 7°(X, z) lies in the kernel of the natural homomorphism m (X, z) —
#1(X, 2) to the first Cech homotopy group [20] and it has recently been shown to
equal this kernel if X is locally path-connected and paracompact Hausdorff (e.g. if
X is a Peano continuum) [2]. This homomorphism is often injective. For example,
it is injective for one-dimensional spaces [15], for subsets of surfaces [19] and for
certain trees of manifolds [18]. Hence, for such X, we have n°(X, z) = 1.

The Hawaiian Earring is the prototypical example of a Peano continuum that
does not admit a universal covering space: m*(H, o) = 1, while 7(U,0) # 1 for all
U € Cov(H).

It was shown in [20], that every path-connected topological space X admits a
generalized covering projection p : X =X corresponding to (X, z), i.e.:

(i) X is path-connected and locally path-connected;

(ii) pg :m (X, %) — m1 (X, x) is a monomorphism onto 7*(X, z); and

(iii) for every map f: (Y,y) — (X, ) from a path-connected and locally path-
connected space Y with fu(m (Y,y)) < p#(m()?, Z)), there is a unique lift

f:(Y,y) = (X,%) such that f = po f.

These properties uniquely characterize the concept, although they do not guarantee

evenly covered neighborhoods or homeomorphic fibers. However, the automorphism

group of this generalized covering projection is always naturally isomorphic to the

quotient 71 (X, z)/7%(X, z) and it acts freely and transitively on every fiber. More-

over, p is open if X is locally path-connected [20]. When 7%(X,z) = 1, we speak

of a generalized universal covering.

In the case of a one-dimensional compact metric space, the resulting generalized
universal covering space carries a combinatorial R-tree structure that acts as a
generalized Cayley graph for the fundamental group [21]. This has given rise to a
“mechanical” description of the fundamental group of the Menger universal curve
in terms of an infinite version of the Towers of Hanoi puzzle [22]. Generalized
universal coverings are also useful in determining the asphericity of other locally
non-trivial spaces [17].
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1.3. Main results.

Definition 1.1. We call a group G homomorphically Hausdorff relative to a path-
connected topological space X if for every homomorphism h : m (X, z) — G, we

have ﬂZ/{ECov(X) h(ﬂ—(u’x)) =1L

Remark 1.2. The terminology is motivated by considering 7 (X, x) as a topological
group with basis {gn(U,x) | g € m(X,z), U € Cov(X)}, as is done in [3, §3.3],
where this topology is called the lasso topology. (See also [33].) Given a homomor-
phism h : 7 (X, z) — G, the image K = h(m(X,z)) is a topological group with
basis {kh(n(U,z)) | k € K,U € Cov(X)} and h : m (X, z) — K is a quotient map.
Then (yecou(x) AU, 2)) = 1 if and only if K is Hausdorff.

Definition 1.3. We call a group G Spanier-trivial relative to a path-connected
space X if for every homomorphism h : m1 (X, 2) = G, we have h(7*(X,z)) = 1.

Remark 1.4. There are some obvious relationships. Every group is Spanier-trivial
relative to the Hawaiian Earring H. If G is homomorphically Hausdorff relative
to X, then G is Spanier-trivial relative to X. The fundamental group 71 (X, z) is
Spanier-trivial relative to X if and only if 7°(X,z) = 1, if and only if m (X, x)
is Hausdorff, in which case X admits a generalized universal covering space and is
homotopically Hausdorff, i.e., no fixed element g € 71 (X, z)\ {1} can be represented
by arbitrarily small loops.

The prototypical example of a Peano continuum that is not homotopically Haus-
dorff is the Griffiths twin cone C'(H,)V C(H,): it is defined as the wedge of the two
cones C(H,) and C(H,), over the subsets H, = (J, oy Cor—1 and He = [J; oy Cox
of the Hawaiian Earring H, respectively, joined at the distinguished points of their
bases [25]. Since every loop in C(H,)V C(H,) can be homotoped arbitrarily closely
to the wedge point * (see, e.g., [9, Lemma 2.1]), we have the following well-known
fact (cf. [32, §2.5 Example 18]): 7°(C'(H,)V C(H,), *) = 71 (C(H,) vV C(H,), *) # 1.

In particular, if a group G is Spanier-trivial relative to C(H,) vV C(H,), then
there is no nontrivial homomorphism & : 7 (C(H,) V C(H,),*) — G, so that G is
also homomorphically Hausdorff relative to C(H,) v C'(He).

Here are our main results:

Theorem 1.5. For an abelain group A, the following are equivalent:

(1) A is cotorsion-free.

(2) A is homomorphically Hausdorff relative to every Peano continuum.
(3) A is homomorphically Hausdorff relative to the Hawaiian Earring H.
(4) A is Spanier-trivial relative to the Griffiths twin cone C(H,) Vv C'(Hs,).

The proof of Theorem 1.5 will be presented in three separate sections: “(1)=(2)”
in §3 (Theorem 3.1), “(4)= (1)” in §4 (Corollary 4.5), and “(3)=-(1)" in §5 (Corol-
lary 5.2). The main work of §4 goes into proving the following:

Theorem 1.6. H,(C(H,) Vv C(H,)) is isomorphic to
(@)@ (11,
280 p€EP

where P is the set of all primes and A, is the p-adic completion of @qx, Jp-
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Remark 1.7. Note that Theorem 1.6 is stated in the format of Kaplansky and that
A, = (J,)N [23, pp.167-169]. Moreover, by a theorem due to Balcerzyk (see [23,

VIL42 Exercise 7)), we have (@yn, Q) B ([T,ep Ap) = 2"/ By 2.
Theorem 1.5 leaves open some natural questions regarding non-abelian groups:

Question 1.8. (a) Is there a group-theoretic characterization for the class of all
groups that are homomorphically Hausdorff relative to every Peano continuum?
(b) For which classes of groups do we have “(3)=-(2)” or “(4)=(2)"?

We list some non-abelian examples in Section 5.

2. SOME ALGEBRAIC PRELIMINARIES

In this section, we briefly recall some algebraic preliminaries from [23] concerning
infinite abelian groups.

The Z-adic completion of an abelian group A is defined to be the inverse limit
A= {iln(A/nA, mn',n € N) whose homomorphisms 7" : A/mA — A/nA are given
by 7"(a + mA) = a + nA for n,m € N with n|m. Here, nA = {na | a € A}. The
kernel of the canonical map A — /Al, given by a — (a + nA),en, is called the first
Ulm subgroup of A, and is denoted by U(A). If we restrict n to powers of a fixed
prime p in this inverse limit, we obtain the p-adic completion of A. For example,
the p-adic integers J,, are defined to be the p-adic completion of Z: J, = {iLnZ/ka.

An abelian group D is called divisible if for all d € D and all n € N we have
n|d, i.e., d = nc for some ¢ € D. Every divisible group is a direct sum of groups
each isomorphic to Q or the quasicyclic group of type p>° for some prime p (i.e.,
the subgroup of the complex multiplicative group C* consisting of all p™-th roots
of unity for all n > 0) [23, (23.1)]. An abelian group D is divisible if and only if
it has the following property: whenever D is a subgroup of an abelian group A,
then A = D & C for some subgroup C of A. Every abelian group A has a maximal
divisible subgroup D (which is contained in U(A)) and we call A reduced, if it does
not contain a nonzero divisible subgroup [23, (21.3)]. It is an elementary exercise
to show that the maximal divisible subgroup of a torsion-free abelian group is equal
to its first Ulm subgroup U(A), since in this case U(A) itself is divisible.

A subgroup A of an abelian group B is called pure if for every a € A, we have
n|a in A whenever nja in B. An abelian group C'is called algebraically compact if it
has the following property: whenever C' is a pure subgroup of an abelian group A,
then A = C' @ D for some subgroup D of A. Clearly, every divisible abelian group
is algebraically compact. Also, every finite abelian group is algebraically compact
[23, (38.1) and (3.1)]. Every inverse limit of reduced algebraically compact abelian
groups is reduced and algebraically compact [23, (39.4)]. In particular, Z and Jp
are algebraically compact for any prime p.

An abelian group C is divisible (respectively algebraically compact) if and only
if it is injective (respectively pure-injective), i.e., every homomorphism 7 : A — C
defined on a subgroup (respectively pure subgroup) A of an abelian group B extends
to a homomorphism ¢ : B — C' [23, (24.5) and (38.1)].

An abelian group is cotorsion if and only if it is the homomorphic image of
an algebraically compact abelian group [23, (54.1)]. A torsion-free abelian group
is cotorsion if and only if it is algebraically compact [23, (54.5)]. Every nonzero
torsion-free reduced algebraically compact abelian group contains a direct summand
isomorphic to J, [23, (40.4)]. We therefore have the following characterization [24]:
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Theorem 2.1 (Gobel-Wald). An abelian group A is cotorsion-free if and only if it
is torsion-free and contains no subgroups isomorphic to Q or J, for any prime p.

An abelian group A is said to be complete modulo the first Ulm subgroup, or
complete mod-U, if for every sequence (an)nen in A with (n + 1)!|(ant+1 — an) for
all n € N, there is an element a € A such that (n + 1)!|(a — a,,) for all n € N. An
abelian group A is algebraically compact if and only if A is complete mod-U and
the maximal divisible subgroup of A equals U(A) [8, Satz 2.2]. Hence, a torsion-free
abelian group A is algebraically compact if and only if it is complete mod-U.

3. COTORSION-FREE GROUPS AND PEANO CONTINUA

Theorem 3.1. Let A be a cotorsion-free abelian group and X a Peano continuum.
Then A is homomorphically Hausdor(f relative to X .

We use tools from [14]. For completeness, we give a self-contained proof.

Proof. Suppose, to the contrary, that there is a homomorphism & : m(X,z) — A
and an element 0 # a € (yecop(x) MU, 2)). Since A is torsion-free, its first Ulm
subgroup U(A) equals the maximal divisible subgroup of A. However, A is reduced,
so that U(A) = 0. Consider the Z-adic completion Z of the integers Z:

Z=1im(Z/2 7 L)L+ LN L ---).
—

An element @ € Z can be represented in the form
ﬁ: (u1 +2'Z,U1 +2'UQ +3'Z,U1 +2'U2+3'U3+4'Z,),

which we abbreviate by a formal sum ;- i!u;. This representation is unique if
we require that u; € {0,1,2,...,7}. While we do not add such infinite sums, we

have
o0 o0
Z 7! U; = Z 1! (Y
i=1 i=1

in Z if and only if

(n+1)! | iz'ul - ii!vi
i=1 i=1

in Z for all n € N.
Below, we will show that for each sequence (u;)ien, there is an [{] € m1 (X, z)
such that

(3.1) (n+ D! | R(() =) ilwa
i=1

in A for all n € N. Since [,cy(n 4+ 1)!A = U(A) = 0, we obtain a well-defined
homomorphism ¢ : 7 — A by the formula

¢ (Zm) = n([)).

Note that ¢(1) = a # 0, where 1 = >° ilu; with w3 = 1 and u; = 0 for all
1 > 2. Since Zis algebraically compact, ¢(i) is a nonzero cotorsion subgroup of A;
a contradiction. We now show how to find the loop /.

Since X is a Peano continuum, there is a continuous surjection f : [0,1] — X. Let
V; be a cover of X by open path-connected subsets of X such that diam(U) < 1 for
every U € V. Choose k; € N such that for every integer s; with 0 < s1 < k1, there
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is a U(Sl) €V with f([’%, %]) - U(Sl). Then U, = {U(Sl) | 0 < s1 < k1} covers
X. Next, consider a collection V5 of open path-connected subsets of X such that
diam(U) < 1/2 for all U € V, and such that for each integer s; with 0 < s1 < &y,
there is a subcollection V; of V, with f([7t, %]) CUV; € Ug,). Choose ky € N
such that for all integers s; and s with 0 < s; < k;, there is a Usy,s0) € Va2 with
S+ 722, 2 4+ 28)) C Ul e C Ugsy)- Then Us = {Ups, 0y | 0 < 53 < i}
covers X. Inductively, we find a sequence of positive integers k, and open covers
U, ={Us | s € S,} of X, where S,, = {(s1,52, - ,8,) | i €{0,1,2,..., k; —1}},
with the following properties:

(i) For every U € U,,, we have that U is path-connected and diam(U) < 1/n;

(ii) For every s € Sy, we have f([as,as+]) C Us, where as = 331 si/ ;- k;

and st = (81,82, "+ ,8, + 1);

(iii) For every (s1,52,...,5,) € Sn, we have Uy, sy..s0) C Ulsy sg,sn1)-

For each n € N, we have upa € h(w(Uy,,z)). Hence, for each s € S,, there
are continuous paths as; : ([0,1],0) — (X,z), say 1 < @ < 74, and continu-
ous loops Bs; : ([0,1],{0,1}) — (Us, as,:(1)) (possibly constant) such that u,a =
M Tses, TTizi[asi- Bsi-a]). (Note that the order of the product does not matter
since A is abelian.) For each s € S, choose paths ~,; : [0,1] — U, with ~,;(0) =
f(as) and '78,1(1) = Bs,i(0)~ Let Zs be the IOOP Vs, 1 Bs,l : ’V;l "Ys,2 - ﬁs,Z ' ’7;2 o
Ys,ra *Bsre *Vsr,- Then £ is aloop in U, based at f(a,). Let ¢ : 71 (X, 2) — Hi(X)
denote the Hurewicz homomorphism. Since A is abelian, we have a homomorphism
h:Hy{(X)— Awith h="hot. Let |[{;] € H1(X) denote the element represented
by the cycle £;. Then u,a = h([[ e, [Tt Bsi-ag,]) = M s, [€s])-

We will now define a continuous path g : [0,1] — X from g¢(0) = f(0) to
g(1) = f(1) so that the loop £ = ¢ - f~ has the following property: for each
n € N, £ runs precisely i! many times through each loop ¢, with s € S; and
1 < i €< n, and the sum of the remaining subpaths of ¢ is homologous to n!
copies of the same cycle. Specifically, put T, = {(t1,t2,...,tn) | 0 < t; < ik;}
and C,, = {(c1,¢2,...,¢,) | 0 < ¢; < i}. For each t = (t1,ta,...,tn) € Ty, let
s(t) = (s1,82,---,8,) € Sy and ¢(t) = (c1,¢2,...,¢,) € Cp, be defined by the
equation

t; =18; + ¢;

and put
n

b=y
i=1 Hj:1(33 — 1)k,
Put €, = 1/[[,(3i — 1)k;. If we order the elements of T = (J,2, T}, lexico-

graphically, then the assignment 7" — [0,1] given by t — b; is strictly increasing.
Moreover, for each n € N and each ¢ € T, with ¢(t) = (¢1,¢2,...,¢n):

(i) We have (by — €,b,) N{by |t € T} = 0 and we define

9l lbi—enbi] = lst)-

(ii) If e, < m—1, we have b+ = by+3e,, and [by+ep, b +2¢,|N{by |t € T} =0,
and we define

9l[be+en,be+2en] = (f|[a’s(t):as(t)+])

Since the loop I is based at f(as), ¢ is well-defined. On one hand, if x € [0,1] is
such that g(z) is not defined, then x € {1} U, ey Uyer, (bt, b + €,). On the other
hand, for every n € N, every t € T,, and every x € [b;,b; + €,] such that g(z) is
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defined, we have g(x) € Uy(). Hence, g uniquely extends to a continuous function
g:[0,1] = X with ¢g(0) = f(0) and g(1) = f(1).

Now fix n € N. We wish to decompose the homology cycle ¢ into appropriate
1-chains and rearrange them into smaller cycles. For each t € T}, with 1 < m < n,
clearly 9|[bt—em,bt] = U4y is a cycle itself. This leaves us with the 1-chains 9|[bt,bt+en}
for t € T,, the 1-chains g, 4e,, b, 426, = (f [as(t>7as(t)+])7 for t € U, _, T)n where
c(t) = (c1,¢2,...,¢n) and ¢y, < m — 1, and the second half of the loop £ =g - f~.
If t € T, and ¢(t) = (c1,¢2,...,¢,) With ¢, < n — 1, we see that g|p, p,42¢,] =
9l biten] - (f|[as<t>,as(t>+])_ is trivially a cycle. In general, however, we need to
regroup these 1-chains, which we do next.

For each t € T,,, define a sequence t* as follows: First, express t = (¢1,ta,...,ty)
and c(t) = (c1,¢2,...,¢,). If ¢ =i —1forall 1 < ¢ < n, we let t* = () be the
empty sequence; otherwise, there is a unique m > 2 with ¢, <m—1land¢; =i—1
for all m < ¢ < n, in which case we put t* = (t1,t2,...,tm). (Note that t* = ¢
corresponds to the case ¢, < n — 1, which gave us the trivial grouping above.)

Observe that for ¢, € T), with t* = #* and t # ¢, we have s(t) # s(f). More
precisely, we have a bijection

(3.2) {teT,|[t"=(}— S, :t— st

and if we put 7, = {t € T, | ¢ < m — 1, where ¢(t) = (c1,¢2,...,¢m)}, then for
every u € |J' _, T", we have a bijection

(3.3) {teT, |t"=u} = {s€Sn|asw) <as <asut+}:t—st).

The correspondence (3.2) allows us to subdivide the second half of £ = g- f~ and
group each piece (f\[as,aer])_ (for s € S,,) with the 1-chain g, p,+,) Where t € T},
t* = () and s(t) = s. Similarly, the correspondence (3.3) allows us to subdivide
eVery gliby+em but2em] = (f‘[as<u>,a5(u)+])7 for which w € |J' _, T, and group each
piece (f|[as,a5+])_ (for 5 € Sy, a5y < as < ag(y)+) with the 1-chain glp, p,1c,]
where t € T,,, t* = u and s(t) = s.

Now, for every s € S,,, we have |{t € T}, | s(t) = s}| = n! and for all ¢, € T,,

with S(t) = S(t)7 we have g‘[bt7bt+€n] = g|[btj,b{+6n]' Hence,
n n—1
PRAED WD SIEED oL 9D SIS  SITARNTAY
i=1 s€S; seS, i=1 s€eS; sSES,

in H1(X), where 05 = glip, bite0) * (o, ,at))” for t € Ty, with t* = () and s(t) = s.
Applying h yields (3.1). d

4. THE GRIFFITHS TWIN CONE

In this section, we calculate the first integral homology group of the Griffiths
twin cone. Our approach is based on [10, §4]. However, there is a gap in the proof
of [10, Lemma 4.11], which is addressed in [14]. Lemma 4.3 below generalizes the
corresponding adjustment of [10, Lemma 4.11] from [14] to the situation at hand. In
keeping with a geometric perspective, the proofs in this section are framed in terms
of the generalized universal covering of the Hawaiian Earring, treating infinitary
words implicitly.

Two applications of van Kampen’s Theorem (each time cutting off one simply-
connected cone tip) yield 71 (C'(H,) vV C(H,)) = 71 (H)/No, where Ny is the normal
subgroup of m;(H) generated by mq(H,) * 71 (H.) [25, §3]; we take the origin o
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as the base point for H. Hence, H,(C(H,) V C(H,)) = m (H)/Ny, where N; =
(m (Hy) * 71 (He))71 (H)" and 71 (H)” denotes the commutator subgroup of 71 (H).

Consider the generalized universal covering p : H — H. Then H is an R-tree
[20, Example 4.14], i.e., His a uniquely arcwise connected geodesic metric space.
(Recall that an isometric embedding of a compact interval of the real line into
a metric space is called a geodesic. A geodesic metric space is a metric space in
which every pair of points is connected by a geodesic.) In particular, H is simply-
connected. Moreover, for every # € p~!(0) C H and every b € 7y (H) there is a
unique § € p~1(o) such that the arc [7,%] in H from 7 to ¥, when projected by
p: H — H, is a loop representing b.

Lemma 4.1. Given arcs [T1, 1], [T2,J2] C H whose projections represent the same
element of m (H), there is a homeomorphism h : H — H such that po h = p,
h(?lfl) = %2 and h(gl) = gg. ]f, moreover, [52,@'2] Q [51,?71], then [fg,ﬂg} = [.%1,@1].

Proof. The first part follows from the lifting property of p : H — H. Considering
h? if necessary, we may assume that Z; < h(Z1) = Z2 < 72 = h(71) < 71 on
[Z1,71]. Then the nondecreasing sequence 71, h(¥1),h%(z1), h*(Z1),... converges
to some Z € [71,¥1] and each arc [hi~1(Z1), h’(Z1)] projects to the same loop « in
H. The continuity of p[fz, 7] implies that a is constant. Thus, 1 = Z2, so that
h = id. Consequently, 7, = J». Finally, note that h? = id implies h = id, since the
automorphism group of p : H — H is isomorphic to m; (H), and hence isomorphic
to a subgroup of the torsion-free group 7 (H). O

Suppose we have two elements a and b in 71 (H), represented by the projections
of arcs [Z, 7] and [y, Z] in o, respectively. Then the projection of the concatenation
[Z,7] U [, Z) represents the product ab, but it is in general not an arc. Since H is
uniquely arcwise connected, there is a unique ¢ € [Z,7] N [, 2] such that the arc
[Z, 2], whose projection also represents ab, satisfies [Z,2] = [Z,] U [£, Z]. Note that
t € p~*(0), since p|ﬁ\p,1(o) :H\ pt(o) — H\ {o} is a local homeomorphism.
Thus, we have:

Lemma 4.2. Let g1,92,...,9s € m (H) and f : [a,b] — H a path such that f [tio1,ti]
is a geodesic with g; = [p o f|p,_, )] for some subdivision {to,t1,...,ts} of [a,b].

Then Im(f) is homeomorphic to a finite simplicial tree whose vertices lie in p~(0).
Standard edge cancellation yields a geodesic f : [a,b] — H with g1g2---gs = [po f].

A somewhat more delicate algorithm is necessary if we are given a product
9192 gs € (m1(H,) * 1 (H,))m (H)', whose factors g; either lie in 7 (H,) or in
m1(H,), or else are paired by inverses, and wish to end up with a similar pairing
structure for the geodesic ]? This is carried out in the proof of the following lemma,
which is a generalization of the corresponding result for 71 (H)’ in [14]:

Lemma 4.3. Let g € (w1 (H,) * m (H))mi (H)'. Then every geodesic f : [a,b] — H
with g = [p o f] has the following property:

(¥) There is a subdivision {to,t1,...,ts} of [a,b] defining loops fi = po fli,_, 4.
in H based at o, i.e., g = [f1][f2] - [fs], along with a partition F,,F.,C,C of
{1,2,...,s} and a bijection ¢ : C — C such that

(i) for every i € F,, f; lies in H,;
(ii) for every i € F., f; lies in He;
(iii) for everyic C, fou) = f;
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Proof. We may assume g # 1. Let ¥ € p~!(0). Since g € (m (H,) * 71 (H,))m (H)’,
there exists a path f : [a,b] — H with f(a) = Z and g = [p o f], satisfying (x),
such that each f|r,_, ;] is a geodesic. It suffices to show that the (unique) geodesic
in H from f(a) to f(b) also satisfies (). To this end, we let 7 denote the number
of indices 7 € {1,2,...,s — 1} for which f|y,_, 4., is not a geodesic. If r = 0,
then f is a geodesic and we are done. Otherwise, we recursively subject f to
the transformation described in the following paragraph, which replaces f with
Tlia,aijupp, b for some flq, 1) = f|[;,i,b1]7 while retaining property (*) on a refined
subdivision (which includes a; and by), eventually reducing the pair (r,s) in the
lexicographical ordering.

Let i be the largest index for which f|;, | ;,.,)is not a geodesic. Let a; € [t;_1,1;)
and by € (t;, b] be the unique points such that the arc [f(t;—1), f(b)] from f(¢;—1) to

f(b) in Hequals [f(t;—1), f(a1)]U[f(b1), f(b)]. In particular, f(a1) = f(b1) € p~*(o0)
and fliq, ;] = f\[;_,bl]. Say, by € (tj_1,t;]. Define fi1y = po flp_ 1) fa2) =
PO fllarts fG) = po fli,_r o) and fio) = po flpe,)- Then fi = fi1)fa2),
fi = fonfie, and faz) = (fixifire - fi-1fg1) ™ a1 = ti—q, then f(; ) is
degenerate and we treat it as empty. Likewise, if by = t;, we treat f(; o) as empty.
If i € C, then there is a (unique) subdivision n = {t,;)—1 < tj; <tj, < - <
5 < ty@)} such that f(t;) = f(tg) for all i < k < j and f(t;) = f(b1). (By
Lemma 4.1, either ¢(i) < i or (i) > j.) If j € C, then there is a (unique) ¢;* €
[ty-1(j)—1,tp-1(j)) such that f(t5*) = f(b1). Analogous statements hold if i € C or
j € C. Provided ¢(i) # j, we may thus reduce the domain of f to [a,a;] U [b1,d]
and adjust the concatenation fifs--- fs to the new subdivision by replacing f; with
fa, replacmg fj with f(j 2), then ehmlnatlng fit1s fit2,- .., fj—1, then replacing
Joo(iy with f2+1f1+2 fJ 1f(j71)f (1) (Where fm = po f| = fm, for all m), and finally
replacing f,-1(;) (which could by now be one of the new fi+1, ﬁ+2, ceey ]/C;-_l) with
ﬁ;z)ﬁ;l). Observe that if i € F,UF,, then f;, fis1, ..., fj—1 and f(; 1y all lie in H,

or H, so that there is no need to introduce ﬁ+1 ﬁ+2 e J/c;'—lf(ﬁl)f(;_n' Likewise, if

j € F, U F,, then there is no need to introduce ﬁ;72)ﬁ;71). If ©(i) = j, we instead
consider the common subdivision 7 U {b1} of [t;_1,t;]. While in this case [t;_1, b1]
(the domain of f(; 1)) might overlap with [t7_;,#;] (the domain of f y), the former
cannot properly contain the latter by Lemma 4.1. Consequently, we can transfer
the points 1 N [t;_1,b1] to [b1,t;] along the correspondence of f(;) with f/'\(j71)
(repeatedly if necessary) and find a k € {i +1,i+2,...,j — 1} with which we may
adjust f1fs--- fs by replacing f; with fZ 1) then ehmmatmg fl+1,fz+2, ..,fj 1,
then replacing f,;) = f; with f(k 2)fk+1fk+2 Fimifori fiva - fae 1f(k 1)f11
and finally (if applicable) replacing fi,x) or f,-1() (or its new copy) by f(k72)f(k71).
Then fl{q,q,]ufp, ,b) Satisfies () with respect to the new subdivision.

While this transformation potentially increases s by as much as 2, it may de-
crease 7. Specifically, if f(; 1) is not empty, then r decreases by 1. So, let us assume
that f(; 1) is empty. If f(;2) is also empty, then r either decreases (by 1 or 2) or
remains constant, but s definitely decreases. So, assume that f; 2y is not empty.
If i = 1, then r decreases from 1 to 0. So, assume that ¢ > 1. Now the outcome
depends on whether fli;,_,.+,_,jup,.p) 18 @ geodesic or not. If it is, then r decreases
by 1. If it is not, then r remains constant and s does not increase. It now suf-
fices to show that this final scenario cannot occur indefinitely, leaving both r and
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s unchanged, as we iterate the transformation for f(, 4,jup, 5 and its subdivision.
Suppose, to the contrary, that it does.

We then have sequences a < -+ < apy1 < ap < -+ < by < bpy1 < -+ < b
with subdivisions &, of [a, a,] U [b,, b] into s intervals, each obtained from the pre-
vious one by the above transformation, such that f|4 q,jup,.5 satisfies (x) with
pairings ¢, : C, — C,. In particular, [a,i1,a,] is a subinterval of &, and
Fansrian) = flip, b0y Pt aco = inf{ay, [ n € N} and bos = sup{b,, | n € N}.

We will call a subinterval of &, an inside interval if it is contained in Z = [aoo, boo],
an outside interval if it is contained in O = [a, Geo] U [beo, b], and an overlapping
interval otherwise.

Since &, N ([a, ant1] U [bpt1,b]) € &pp1 and since the number of subintervals of
&, is equal to s for all n, the number of points in &, N O is nondecreasing and
bounded by s. So, we may assume that this number is constant. In particular, an
overlapping interval [u,v] of &, cannot be paired by ¢, with an outside interval
[/, 0] of &,. (Otherwise, they would be paired subintervals of &,4+1,&n+2," " s &m
until &, N (u, v) # O for some minimal m > n. But then &, N (v, v") # 0, according
to our transformation rule, implying that |, N O| > |§,,—1 N O|; a contradiction.)

It also follows that if a lower (respectively upper) overlapping interval persists, for
all n, then its left (respectively right) endpoint is constant. Therefore, a persistent
overlapping lower interval [u, v,] cannot be paired with an inside interval for infin-
itely many n. (Otherwise, there are ¢,d € [u, aso] and ¢y, dpm € [Aoo, @m] U [by,, boo]
with f(em) = f(e) # f(d) = f(d,,) for all m. However, since f(an,) = f(bm)
converges to f(as) = f(bo), so do f(c¢y) and f(d,,).) The same is true for a
persistent overlapping upper interval [u,,v]. So, we may assume that overlapping
intervals are not paired with inside intervals. (Note that an overlapping interval
might cease to exist, in which case it will not reappear.) Similarly, we may assume
that outside intervals are not paired with inside intervals. In summary, we now
assume that inside, outside, and overlapping intervals, if paired, are paired with an
interval of the same kind.

We claim that for every point ¢, contained in an inside interval of &,, there is
a point ¢,y contained in an inside interval of &1 such that f(c,) = f(cnt1). In
order to show this, we may assume that ¢,, € [an41,an] U [by,byy1]. (Otherwise we
can take ¢,11 = ¢,.) We will use the notation from our transformation rule for
C = (). Since f(;,1) is empty, but f(; ) is not, and since the number of subintervals
of &, and &, are equal, we have j € C' U C. Observe that the domain of f;, i.e.,
[@n+1,0ay], is an inside interval of &,, while the domain of f; might be an upper
overlapping interval, in which case the two would not be paired by ¢. First suppose
that i € C. Then the desired point ¢, 41 can be found in the domain of f,;). The
same is true if i+ € C. Consequently, the only case that needs attention is when
1€ F,UF,. Say, i € F,. If j > i+ 1, then both f; and f;11 lie in H,, so that
combining their domains will reduce the pair (7, s) to (r,s — 1) for &,. So, we may
assume that j = ¢+ 1. In this case, the domain of f(; ) equals [by,b,41] and

fi = f(j1)- Since [§ni1 N O] = | N O, the domains of f(;1) and f(;1) must both

be inside intervals of &, 41, so that we can find ¢, 11 in f(; 1)

Hence, starting with any two points ¢, and d,, in any inside interval of some &,
such that f(c,) # f(dy), we obtain sequences (Cm)m>n and (dm)m>n such that ¢,
and d,, are contained in (possibly different) inside intervals of &, with f(¢p,) =
f(en) and f(d,,) = f(d,). This leads to the same contradiction as before. O
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Proof of Theorem 1.6. As in [16], it suffices to show that H;(C(H,) V C(H,)) is
(i) torsion-free; (ii) algebraically compact; (iii) contains a subgroup isomorphic to
@D, Q; and (iv) contains a pure subgroup isomorphic to Pqx, Z.

The fact that A = H;(C(H,) V C(H,)) is torsion-free follows from the formula
H,(H) = H(H,)® H1(H)® A [9, Theorem 1.2] and the fact that H;(H) is torsion-
free [15, Corollary 2.2]. (Note that the torsion-freeness of Hy(H) also follows from
the fact that 71 (H) is isomorphic to a subgroup of #;(H), all of whose finitely
generated subgroups are free.) It follows from [1, Corollary 9.2] (or by adapting the
proof of [10, Theorem 4.14]) that the maximal divisible subgroup of A is isomorphic
to Py, Q. By [9, Theorem 1.1}, A is complete mod-U and hence algebraically
compact. Therefore, Lemma 4.4 below completes the proof. O

Lemma 4.4. H(C(H,)V C(H.)) contains a pure subgroup isomorphic to @ox, Z.

Proof. Consider the element a € 71 (H) represented by £1205--- = £ :[0,1] — H,
where £; = £|[(i—1)/i,i/(i+1)] canonically winds once around the circle C; of H for
each i. We first show that aN7 generates a non-trivial pure subgroup of 1 (H)/N;.
To this end, suppose that a™ = b™c¢ for some b € 71 (H), ¢ € Ny, m > 1 and n > 0.
We wish to show that n > 0 and n|m. Since 71 (H)/Nj is torsion-free, it suffices to
show this for m = 1. (For the general case, express d = ged(m,n) as d = am + fn
with «, 8 € Z and write m = mod, n = ngd. Then a™° = b™ ¢ for some ¢y € Ny.
Hence, a = (b%a®)"0c%, implying ng = 1 and n|m.)

Let [Za,Yal, [Tb, U] and [Z., y.] be arcs of H whose projections represent a, b and
¢, respectively. Let k] (c), respectively x; (c), denote the number of subarcs [, 7] of
[Z., y.] which project to £;€; 11442 - -, respectively (€;4;+1€;+2---)~. (Observe that
two such arcs cannot overlap. Hence, as in the proof of Lemma 4.1, this number is
finite.) Analogously, we define x:-(b) and x:(a). Applying Lemma 4.2 to ¢ = b~ "a,
we obtain x; (c) — k; (¢) = 1 —n (k] (b) — k; (b)), for sufficiently large i. However,
by Lemma 4.3, k] (c) — ; (¢) = 0, for sufficiently large i. Hence n = 1.

We now vary this construction. Choose a collection {1, | a € {1,2}"} of infinite
subsets of N such that I, N Ig is finite for all o # f; e.g., for @ = (sk)ken, take
I, = {3}_, 52" % | n € N}. Let a, € m1(H) be the element represented by the
IOOp 82111—1£2i1€2i2—1€2i2€2i3—1€2i3 sy where i1 < iy < i3 < --- 1s an enumeration
of I,. Then the set {a,Ny | @ € {1,2}N} is linearly independent in my (H)/Nj.
Indeed, suppose ap'tay? - - -ap Ny = Ny for some o; € {1, 2}V and m; € Z. Choose
M € N so that (I, \ {1,2,--- ,M}) N (Lo, \ {1,2,--- ,M}) =0 for all i # j. Put
Ji = In; \ {1,2,--- ,M} and let ¢; : H — U,c;, Ct C H denote retraction with
qi(r) = o for ¢ J,c;, Ci- Then g; induces a homomorphism g4 : 1 (H)/N1 —
71 (H) /Ny, which we may apply to the equation ap'*aj’? - --aj'* Ny = N; to obtain
Gi#(aq,; )™ N1 = Ny. We conclude that m; =0 for all ¢ € {1,2,--- , k}.

In order to show that (aqNi | € {1,2}) = P,s, Z is a pure subgroup of
m1(H)/N1, suppose that aZ'*al2 ---al* Ny = b" Ny for some o; € {1,2}, m; €
Z\ {0}, b € m(H) and n € N. Then gix(aq,)" N1 = ¢ix(b)"N; for all i. As
in the proof of the purity of alN7 above, we conclude that n|m; for all i. Hence,
nlayrap? - - agtt Ny in mq (H)/Ny. O
Corollary 4.5. Let A be an abelian group which is Spanier-trivial relative to the
Griffiths twin cone C(H,) VvV C(H,). Then A is cotorsion-free.

Proof. By Theorem 1.6, 7°(C(H,) V C(H,),*) = m(C(H,) vV C(H,),*) can be
mapped homomorphically onto Q, J, and Z/pZ for any prime p. It follows that A
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cannot contain a subgroup isomorphic to any of these groups and is consequently
cotorsion-free by Theorem 2.1. ([

Remark 4.6. By [28, Theorem 1.2], the first integral homology group of the Har-
monic Archipelago is also isomorphic to the group described in Theorem 4.2 above.
Indeed, it can be calculated in much the same way as we computed the first integral
homology group of the Griffiths twin cone. We leave the details to the reader.

5. THE HAWAIIAN EARRING AND PRODUCT PROPERTIES

Proposition 5.1. Suppose A is either Q, Z/pZ or I, for some prime p. Then there
is @ homomorphism h : w1 (H,0) = A with h(nw(U,0)) = A for allU € Cov(H).

Proof. First suppose A = J,. Consider the surjective homomorphism

T HZ—>J,,:1@(Z/pZ<—Z/p2Z<—Z/p3Z<—---)

meN
given by 7(ay,as,as,...) = ([a1], [a1 + paz], [a1 + paz + p?az),...). Since the direct
sum @, cn[,,enZ is a pure subgroup of the direct product [], cyI1,,enZ and

since J, is pure-injective, we can extend €,,cn 7 : @D, ey [ [nen Z — Jp to a homo-
morphism o : [[, cy [ Lnew Z — Jp- Choose a bijection p : N x N — N such that for
every k € N thereis ann € Nwith p=1({1,2,...,k})N({n} x N) = 0, e.g., the diag-
onal enumeration p(n,m) = n+(n+m—1)(n+m—2)/2. Consider the isomorphism
P - HkENZ — HnEN HmEN Z, defined by @((ak)keN) = (ap(n,m))(n,m)ENXN- Put
p=00p:[[ienZ— Jp. Then ¢([];,, Z) = I, for all n € N. Define r}, : H — Cj,
by rp(z) = x if € Cp and ri(2z) = o if 2 € Cp. Let p: m(H,0) — [ cnZ
be the composition of (rpx)nen @ m1(H,0) = [],cn7m1(Cr,0) and the canonical
isomorphism ],y 71(Ck,0) = [[,cnZ. Put h = ¢op: m(H,0) — J,. Observe
that p(incly(m1(Ure,, Ck,0))) = [1ie,, Z for all n € N, because p(£{'05205° ---) =
(a1,a2,as,...) for a; € Z, where ¢; is as in the proof of Lemma 4.4, parametrized
appropriately. Let U« € Cov(H). Choose n € N with incly(m (U,—,, Ck,0)) <
m(U,0). Then J, = ¢([1r=,, Z) = ¢ o p(incly(m1(Ure,, Ck,0))) < ¢p o u(w(U,0)) =
h(w(U,0)).

This also covers the case A = Z/pZ, since there is an epimorphism J, — Z/pZ.
If A= Q, we instead start with 7 : @, yZ — Q, given by 7(ex) = 1/k, where
er(n) = 0forn # k and ey (k) = 1, and extend it to ¢ : [, .y Z — Q, noting that Q
is injective. Then ¢([];-,, Z) = Q for all n € N and we can proceed as before. [

Corollary 5.2. Let A be an abelian group which is homomorphically Hausdorff
relative to the Hawaiian Earring H. Then A is cotorsion-free.

Proof. Combine Proposition 5.1 with Theorem 2.1. |

Remark 5.3. Implicitly contained in our argument is also a proof of the following
characterization, appearing in [4, §7], extracted by Dugas, Gobel, Wald et al. from
Nunke’s characterization of slender groups [31]: An abelian group A is cotorsion-free
if and only if for every homomorphism ¢ : Z¥ — A, we have (1, oy ¢(IT5—,, Z) = 0.

While n-slenderness is preserved under restricted direct products (and free prod-
ucts) [10, Theorem 3.6], the following holds for arbitrary direct products:

Proposition 5.4. A product [[;.; G is homomorphically Hausdorff or Spanier-
trivial relative to X if and only if each group G; has the corresponding property.
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Proof. First suppose that each G; is homomorphically Hausdorff relative to X. Let
h i m(X,z) = [l;c; Gi be a homomorphism and consider the projections p; :
[Lic;Gi = G;. Then Pj(ﬂugcou(x) h(n(U,))) < nuecm,(x)pj oh(r(U,z)) =1
for every j € I, so that (Vyccoux) MU, 2)) < (;c; ker(p;) = 1. The argument
is analogous if each G; is Spanier-trivial relative to X. The converse is obvious. [

Let us call a group G residually n-slender if for every g € G\ {1} there is a
homomorphism h : G — S to an n-slender group S such that h(g) # 1. (See [6].)

Corollary 5.5. Every residually n-slender group is homomorphically Hausdorff
relative to every Peano continuum.

Proof. Since a group is residually n-slender if and only if it is isomorphic to a
subgroup of a direct product of n-slender groups, this follows from Proposition 5.4.
O

Remark 5.6. Since every residually free group is, in particular, residually n-slender,
Corollary 5.5 applies to the following examples of fundamental groups:

If X is a compact one-dimensional metric space or a proper compact subset of a
surface, then 7 (X, *) is isomorphic to a subgroup of a direct product of free groups
of finite rank [7, 19] and thus residually free.

Suppose Y = [], ey Yn is a product of countably many one-dimensional Peano
continua Y,,, each of which is not semilocally simply-connected at any point. Then
(Y, %) 2 [[,en 71 (Ya, *) is a residually free group from whose isomorphism type
one can recover the space Y by a construction described in [6]. This construction,
in turn, makes use of the fact that each 7 (Y, *) is residually n-slender. Examples
for Y,, include the Menger curve, the Sierpinski curve, and the Sierpinski triangle.

Lastly, if Z is a well-balanced tree of surfaces, then 71 (Z, %) is isomorphic to a
subgroup of a direct product of fundamental groups of closed surfaces [18] each of
which is residually free. (Note that, with the exception of the three non-orientable
surfaces of smallest genus, surface groups are fully residually free. See, for example,
[5, Lemma 5.5.11].) Hence, 71(Z, *) is residually free. Examples for Z include the
Pontryagin sphere (a densely iterated connected sum of tori) and the Pontryagin
surface Iy (a densely iterated connected sum of real projective planes).

Remark 5.7. It has recently been shown that certain amalgamated free products
and certain HNN extensions of n-slender groups are n-slender, among them the
Baumslag-Solitar groups [30].
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