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ABSTRACT. We consider open infinite gropes and prove that every
continuous map from the minimal grope to another grope is nul-
homotopic unless the other grope has a ‘branch’ which is a copy of
the minimal grope. Since every grope is the classifying space of its
fundamental group, the problem is translated to group theory and
a suitable block cancellation of words is used to obtain the result.
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1. INTRODUCTION

Here we study (open infinite) gropes (a recent short note on gropes in
general is [12]) and in particular we consider the question whether there
exists a homotopically nontrivial map from the minimal grope to another

grope.

Gropes are 2-dimensional CW complexes with infinitely many cells con-
structed in the following way. Start with a circle, attach a disk with handles
onto the circle, onto each handle curve of the previous stage attach another
disk with handles, etc. In the case of the minimal grope (also called the
fundamental grope) always attach disks with only one handle.

Gropes were introduced by Stan’ko [11]. They have an important role
in geometric topology ([3]; for more recent use in dimension theory see [5]
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and [4]). Their fundamental groups, which we call grope groups, were used
by Berrick and Casacuberta to show that the plus-construction in algebraic
K-theory is localization [2]. Recently [1] such a group has appear in the
construction of a perfect group with a nonperfect localization.

Gropes are classifying spaces of their fundamental groups, so the ques-
tion about the existence of homotopically nontrivial maps from the minimal
grope to another grope is equivalent to the existence of nontrivial homomor-
phisms from the fundamental group of the minimal grope (which we call the
minimal grope group) to the fundamental group of the other grope. Note
that the fundamental group of the disk with one handle is the free group
on two generators and that the boundary circle of this disk is homotopic to
the commutator of the two free generators of the fundamental group. The
disk with n-handles is homotopic to the one-point-union of n-disks with one
handle and the boundary circle of the disk with n-handles is homotopic to
the product of n commutators of the free generators of the fundamental
group. Thus the fundamental group of a grope is the direct limit of free
groups where the connecting homomorphisms make each generator into the
product of commutators of new free generators.

In algebra these groups first appeared in the proof of a lemma by Heller
[8] as follows. Let ¢o be a homomorphism from the free group Fy on one
generator « to any perfect group P. Let

wo(a) = [po, p1l[p2, 3] - - - [P2n—2, P2n—1] € P. (%)

Then we can extend ¢g to a homomorphism ¢; of a (nonabelian) free group
Fy on 2n generators Sy, ..., fan—1 by setting ¢1(5;) = p;. Note that po(«)
may have several different expressions as a product of commutators, so we
may choose any; even if some of the elements p1, ..., pay_1 coincide, we take
distinct elements 3;, ¢ = 1,...,2n — 1 as the generators of F}. Now we
repeat the above construction for every homomorphism Wl’(,&-) of the free
group on one generator to P and thus obtain a homomorphism ¢ : Fo — P.
Repeating the above construction we obtain a direct system of inclusions of
free groups Fy — F5 — F3 — --- and homomorphisms ¢, : F;, — P. The
direct limit of F}, is a locally free perfect group D and every group obtained
by the above construction is called a grope group (and its classifying space is
a grope). This construction shows therefore that every homomorphism from
a free group on one generator to a perfect group P can be extended to a
homomorphism from a grope group to P. Note that in case the perfect group
P has the Ore property ([9], [6]) that every element in P is a commutator, in
the above process (*) we can choose every generator in the chosen basis of F,
to be a single commutator of two basis elements of F}, 1. The group obtained
in this way is the minimal grope group M. The group M is generated by
finite nonempty words w in the alphabet {0, 1} with relations w = [w0, w1],
other grope groups are more difficult to define in terms of a presentation,
we give a definition in Section 2. Clearly every grope group admits many
epimorphisms onto M.
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The main result of this paper is that the minimal grope admits a ho-
motopically nontrivial map to another grope only if the other grope has a
‘branch’ which is another copy of the minimal grope. This seems to be one
of the very few results about the existence of maps between wild spaces. Ad-
ditionally, we prove that there are uncountably many self-homotopy equiv-
alences of the minimal grope group.

In group theoretic language the main result can be formulated as follows
(supporting definitions will appear in the first part of Section 2).

Theorem 1.1. The minimal grope group M = G admits a nontrivial
homomorphism into a grope group G°, if and only if there exists s € S such
that a frame {t € Seq(N) : st € S} is equal to Sp.

This implies, in particulary, that there exist at least two non-isomorphic
grope groups (and two gropes which are not homotopically equivalent).

Corollary 1.2. The minimal grope group M = G5 admits a nontrivial
homomorphism into a grope group G, if and only if G is isomorphic to
the free product M * K for a grope group K.

In Section 2 we give a systematic definition of grope groups (the combina-
torics of which mimics the contruction of gropes) and prove some technical
lemmas. In Section 4 we prove Theorem 1.1.

2. SYSTEMATIC DEFINITION OF GROPE GROUPS AND BASIC FACTS

For every positive integer n let n = {0,1,...,n — 1}. The set of non-
negative integers is denoted by N. We denote the set of finite sequences of
elements of a set X by Seq(X) and the length of a sequence s € Seq(X) by
[h(s). The empty sequence is denoted by 0.

For a non-empty set A let L(A) be the set {a,a™ : a € A}, which we call
the set of letters. We identify (a~)~ with a. Let W(A) = Seq(L(A)), which
we call the set of words. For a word W = ag - - - ap, define W~ =a, ---q,.
We write W = W' for identity in W(A) while W = W’ for identity in the
free group generated by A. For instance aa™ = () but aa™ # (). We adopt
[a,b] = aba~'b~! as the definition of the commutator. A subword U of a
word W is a subsequence of W, i.e. W = XUY for some words X and Y.

To describe all the grope groups we introduce some notation.

Definition 2.1. A grope frame S is a subset of Seq(N) satisfying:
(1) 0es,
(2) for every s € S there exists n > 0 such that 2n = {i € N: si € S},
(3) if the concatenation st € S, for s,t € Seq(N), then also s € S.

In some situations it may be useful to denote the last element in (2) of
the above definition by (s) = 2n — 1 where 2n = {i € N: si € S}. If there
is no ambiguity we write € = €(s).

For each grope frame S we induce formal symbols ¢f for s € S and
define E5 = {cJ : Ih(s) = m,s € S} and a free group F5 = (E>). Then
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define 5, : Fiy — F5 1 by em () =[5, ¢5] - [cfs(s)il,cfg(s)]. Let G° =
%(an, ed :m € N) and e%n =eJ | ---e5 for m < n and every such group

G” is a grope group.

For s € S, s is binary branched, if {i € N : si € S} = 2, i.e. (s) = 1.
Let Sy be the grope frame such that every s € Sy is binary branched, i.e.
So = Seq(2). Then G = M is the so-called minimal grope group. Since
e is injective, we frequently regard F3 as a subgroup of G° (and similarly
F,, as a subgroup of F,, for m < n).

For a non-empty word W the head of W is the left most letter b of W i.e.
W = bX for some word X, and the tail of W is the right most letter ¢ of W,
i.e. W =Ye for some word Y. When AB = W, we say that A is the head
part of W and B is the tail part of W. Our arguments mostly concern word
theoretic arguments and we refer the reader to [7] or [10] for basic notions
of words.

For a word W € W(E3) and n > m, we let €5, ,,[W] be a word in W(ES)
defined as follows: €5, ,,[W] = W and e;s;l’n +1[W] is obtained by replacing

every ¢; in ef, ,[W] by

(PO) Cﬁ)cfl(cﬁ))_(czi)_ T Cfa—lcfe(cfa—l)_(cfe)_
and every (c)™ by
(Pl) Cfactsa—l(cfe)_( fa—l)_ T cflcﬁ)(cfl)_( ﬁ))_

respectively.
We drop the superscript ©, if no confusion can occur.

Observation 2.2. Let n > m + 1 and let W = ep41n[cs0]. Suppose that
X € W(E,) is a reduced word and X € F,,. When W is a subword of X,
W may appear in

(00) em,n[cs] = €m+1,n[0500510<;303_1 T Css—lcsecs_g_lcs_g}
or
(C1)  empnlcs | = em+1n[CseCoe—1CeCor 1 C51C50C51 Cg)-
The successive letter to W in (C0) is head(em+1nlcsi]) = ¢s10..0, but in
(C1) it is head(em+1n[cy1]) = head(emianlcsicsn]) = Csre(siyo.0-  Thus
the successive letter to W in X is not uniquely determined. However, if
X = WY for some Y, the case (C1) can not appear, so the head of Y is
uniquely determined as cs10...0-
Similarly, the preceding letter to W is not uniquely determined — there are
four possibilities:
o tail(emi1nfcs1]) = tail(emﬂm[cs_la(sl)]) = tail(eerg,n[cs_lg(sl)O]) =
C1e(s1)0...0 in case (C1).
o If X =WY for someY, there is no preceding letter to W.

o tail(em nlci]) = tail(emy1,ncr]) = tail(emyonlcrg)) = oo o i case
(C1) if X = emy1n[ZecicsY] for some Z,Y .
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o tail(emnlc; |) = tail(emt1nlcg)) = ¢ o in case (C1) if X = emy1n[Zc; ¢5Y]
for some Z,Y .
However, the preceding letter to W determines the succesive letter to W
uniquely:

o [f the preceding letter to W is C1e(s1)0..0 then we are in (C1).

o In all other cases we are in (CO).

Observation 2.3. A letter cso..0 € W(Ey) for lh(s) = m possibly appears
in emn[Wol in the following cases. When n = m + 1, ¢y appears once in
emnlcs] and also once in ey plc;]. According to the increase of n, cg..o
appears in many parts. csp..o appears 2™ -times in emnlcs] and also
2L times in em nlcs ).

The following lemma is easy to verify.

Lemma 2.4. For a word W € W(E,,) and n > m, epn[W] is reduced, if
and only if W is reduced.

Lemma 2.5. For a reduced word V€ W(E,) and n > m, V € F,, if and
only if there exists W € W(E,,) such that e, ,[W]=V.

Proof. The sufficiency is obvious. To see the other direction, let W be a
reduced word in W(E,,) such that e, ,[W] = V in F,,. By Lemma 2.4
emn|W] is reduced. Since every element in F,, has a unique reduced word
in W(E,,) presenting itself, we have e, ,[W] = V. O

In the case of the minimal grope group we have
€0.2[¢p] = Conco1¢ooCo1 C10€11€19CT1C01C00C01 CopC11€10¢T Cp;

€0.2[¢y | = €10€11¢1¢11 C00C01C00Co1€11€10€11 €19€01€00¢01 Coo-

We see that the subword cgoco; (and similarly every subword of any eg[c])

appears in eq2[cg] and in eg2[c;]. On the other hand the subword cgycio
(and similarly every subword of egz[cy] which is not a subword of eg;[cE])

does not appears in eg2[c;]. We generalise this observation as follows.

Observation 2.6. Let us show that if a subword W of e nld] for some
d = ¢t is not a subword of em+1,n[Csk] OT emy1nlcy), then the word W
determines the letter d to be either cs or c3 :

In this case W = WoW1Wa, where Wy might be empty while for ¢ = 1,2
the subword W; is nonempty and is the maximal subword of W which is
contained in emi1,n[cl; ] for some o; = = and some k; € {0,...,e(s)}. We
have the following four possibilities.

(1) 01 =09 =+: Ifky = k1 +1, then ky is even and d = cs. If, however,
ko =k; — 1, then ky is odd and d = c; .

(2) 01 =+ and o9 = —: If ko = k1 — 1, then ky is odd and d = cs. If,
however, ko = k1 + 1, then ky is even and d = c; .
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(3) 01 = — and o9 = +: If ko = k1 + 1, then ky is odd and d = cs. If,
however, kg = k1 — 1, then ki is even and d = c; .
(4) 01 =09 = —: Ifky = k1 +1, then ky is even and d = cs. If, however,

ko =ki — 1, then k1 is odd and d = c; .
Hence the word W determines the letter d uniquely.

Motivated by this observation we state the following technical definition.

Definition 2.7. Let Wy € W(E,,) and n > m. A subword V€ W(E,) of
emn|Wo) is small, if there exists a letter cs or ¢ in Wy and i € N such that
V' is a subword of either emy1n[Csi] 0T emi1nlcy].

In particular, the word W in Observation 2.6 is not small. Note that
being small depends on m. In the following usage of this notion m and n
are always fixed in advance.

Note that a letter csp..0 € W(E,,) for lh(s) = m possibly appears in
emn[Wo] in the following cases. When n = m + 1, ¢4 appears once in
emnlcs] and also once in ey, ,[c;]. According to the increase of n, cso...0
appears in many parts. cg..0 appears 2" l-times in emnlcs] and also
2=~ 1times in emunlcy]. This is a particular case where a subword is
small.

For an arbitrary reduced word W € W(E,,) small subwords in W(E,,) are
not defined. However, according to Lemma 2.5, if also W € F,,, m < n,
a subword of W € W(E,,)) is small considering W = ey, ,[Wp] for a word
Wo e W(E,).

Lemma 2.8. Let m < n and A be a non-empty word in W(E,,). Let XoAY)
and X1 AY1 be reduced words in W(E,,) satisfying XoAYy, X14Y1 € F,.
(1) If A is not small, XoA ¢ F,, and X1A ¢ F,,, then head(Yy) =
head(Y7).
(2) Let Xo be an empty word. If A is not small and A ¢ F,,,then
head(Y)) = head(Y7).
(3) Let Xo and X1 be empty words. If A ¢ F,,, then head(Yy) =
head(Y7).

Proof. (1) Since XoAYy € F,, but XgA ¢ F,,, we have a letter c € E,, UE
and words Uy, Uy, Us such that Uy #Z 0, Us # (), XoA = UpUy and U1U; =
emnlc]. Since A is not small, ¢ and Uy, U, U, are uniquely determined
by A. Since the same thing holds for X; AY], we have the conclusion by
Observation 2.2 for n > m + 1. (The case for n = m + 1 is easier.)

(2) Since AYy € F,, A ¢ F,, and A is not a small word, for any word B
such that BA is reduced we have BA ¢ F,,. In particular X; A ¢ F),, and
the conclusion follows from (1).

(3) Since AYy € F,,,, there are Ap and non-empty Up, U; such that Ay €
Fp, A= AoUy and UpU; = e pc] for some ¢ € E,, UE,,. Since A ¢ F,,,
the head of U; is uniquely determined by A and hence the heads of Yy and
Y1 are the same (Observation 2.2). O
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Lemma 2.9. Let m < n and A, X,Y € W(E,) and AXA™Y € F,,. If
AXATY is reduced and A is not small, then A XA~ € F,, andY € Fp,.

Proof. The head of the reduced word in W(E,,) for the element AXA™Y
is ¢s or ¢; for ¢ € Ep,. According to ¢s or ¢, A = emt1n[cs0]Z or
em+1,nlcsk]Z for a non-empty word Z, where k+1 = {i € N: si € S} is
even. Then A~ = Z ey nlcy) or A7 = Z7 ey nlc,,] and hence AXA™ €
F,, and consequently Y € F,,,. O

Lemma 2.10. Fore# x € F3 and u € G¥, uzu™" € FS implies u € Fy.

Proof. There exists n > m such that u € F,,. Let W be a cyclically reduced
word and V be a reduced word such that z = VWV~ in F,;, and VWV~ is
reduced. Then e, n(z) = emn[V]emn[Wlemn[V]™ and ep ,[V] is reduced
and e, n[W] is cyclically reduced by Lemma 2.4. Let U be a reduced word for
win F,. Let k = lh(U). Then e, (2%*1) = e n[Viemn W] Hemn[V]™
and the right hand term is a reduced word. Hence the reduced word
for urfu~ of the form Xep, ,[W]Y, where Uey pn[V]ema[W]* = X and
emnWlkemn[V]"U~ = Y. Since uzfu=t € F,, X € F,, and Y € F,.
Now we have Uen, n[V] € emn(Frm) and hence U € ey, 5, (F)y,), which implies
the conclusion. (]

Lemma 2.11. Let UWU™ be a reduced word in W(E,,). If UWU~ € F,,
and W is cyclically reduced, then U/ W € F,,.

Proof. If U is empty or n = m, then the conclusion is obvious. If U € F,,,
then WU~ € F,, and so W € F,,. Suppose that U is U &€ F,,. Since
UWU—,UW~-U~ € F,,, the head of W and that of W~ is the same by
Lemma 2.8 (3), which contradicts that W is cyclically reduced. O

Lemma 2.12. Let XY and Y X be reduced words in W(E,) for n > m. If
XY and YX belong to F,y,, then both of X and Y belong to F,,.

Proof. We may assume n > m. When n > m, the head of e, ,[W] for
a non-empty word W € W(E,,) is ¢s0..0 Or Csko...0 where [h(s) = m and
k+1={ieN:sie S}iseven. (When n =m+1, there appears no 0---0.)
Since X“Y ™ € F;, and XY~ is reduced, the tail of X is of the form c, .,
or ¢q..o- We only deal with the former case. Suppose that X ¢ F,. Since
XY € F,, and XY isreduced, X = Zep41ncs1¢,] for some Z. This implies
X~ = emt1,n[cs0c)Z~, which contradicts that X ™Y~ € F,, and XY~ is
reduced. Now we have X,Y € F,,. O

Lemma 2.13. Letm <n and A, B,C € W(E,,) such that ABCA-B~C~ €
F,, and is nontrivial. If ABCA~B~C™ is a reduced word and at least one
of A, B,C is not small, then A, B,C € F,,.

Proof. Since ABCA™B~C™ # e, at most one of A, B, C' is empty. When C
is empty, the conclusion follows from Lemma 2.9 and the fact that BAB~ A~
is also reduced and BAB~ A~ € F,,.
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Now we assume that A, B,C are non-empty. If A is not small, then
ABCA~ € F,, and B~ C~ € F,, by Lemma 2.9. Since BC is cyclically
reduced, A € F,, and BC € F,, by Lemma 2.11. The conclusion follows
from Lemma 2.12. In the case that C' is not small, the argument is similar.
The remaining case is when A and C are small. Then ABCA~B~C~ € F,,
and CBAC~ B~ A~ € F,, imply A = C, which contradicts the assumption
that ABCA~B~C™ is reduced. O

Lemma 2.14. Letm < n and A, B,C € W(E,,) such that ABCA=B~C~ €
F,, and is nontrivial. If ABCA~B~C™ is a reduced word and A, B,C are
small, then one of A, B,C is empty.

Assume C is empty. Then there exists cs € E,, such that s is binary
branched and either

A= eerl,n[CsO] and B = €m+1,n[csl];
or

A = emq1nlcst] and B = epi1n[cs0].

Proof. Since A, B, C are small, all the words A, B, C and their inverses must
be subwords of ep,41n[csi], @ = 0,1, or epmt1nlcy], for an element ¢, € E,,,
and in particular that either

ABCA B C™ = emn(cs) = em+1,n]Cs0Cs1C50C41)

or
ABCA B C™ =emn(cy) = emt1n[Cs1¢50C51 C5o)5
where the left most and right most terms are reduced words. Note that if
the cardinality of {i € N : si € S} were greater than 2, one of A, B, C' would
not be small; hence in our case s is binary branched. We only deal with
the first case. Then ABC = ep41,0]cs0¢s1] and A™B~C7 = epmi1,n[C0Ca)-
In case A, B, C are non-empty, A is a proper subword of e,,41[cs0] or C is
a proper subword of e, 1n[cs1]. In either case ATB™C™ = emi1,n[CCs]
does not hold. Hence one of A, B, C' is empty. We may assume C' is empty.
Since A, B are small, A = ep41n[cs0] and B = ep41.n]cs1]- O

3. BLOCK REDUCTION

In this section we develop the method which we use to prove Theorem 1.1.
Using letter reduction Wicks [13] showed that every commutator in an arbi-
trary free group is cyclicaly equivalent to a word of the form ABCA~B~C~.
We generalise his appoach in order to keep track of words in F;, which be-
long also in Fy,, m < n. In particular, reducing words by certain blocks of
letters we show that for words A, B, X,Y € W(E,) such that the reduced
word of Y ABY X~ A~ B~ X is cyclicaly reduced and is an element of F,,
then either both elements Y~ ABY and X~ A~ B~ X are in F,,, or the entire
word is a generator cs of F}, or its inverse c; .

Lemmas 3.1, 3.2, 3.3 and 3.4 show connections between our reduction
steps in case at least one of X and Y is empty. Based on the results of the



MAPS FROM THE MINIMAL GROPE TO AN ARBITRARY GROPE 9

previous section, these lemmas can be proved fairly easily, but they show
what the block-wise reductions are. Lemma 3.5 corresponds to the final
step, i.e. when we have the reduced word. Lemmas 3.6 and 3.7 correspond
to the case that X and Y are non-empty. In lemmas of this section we
assume m < n.

Lemma 3.1. Let A,B € W(E,) be non-empty reduced words such that
ABA™ B~ # e and AB, A~ B~ are reduced words. Then the following hold:

(1.1) If B = BoA, then By is non-empty, ABy, A~ B, are reduced words
and the identity ABgA™ By = ABA™ B~ holds. In addition if ABy,
A™B, € Fy,, then AB,A"B~ € F,,.

(1.2) If A= AyB, then Ag is non-empty, AoB, Ay B~ are reduced words
and the identity AgBAy B~ = ABA™ B~ holds. In addition if Ay,
AyB~ € Fy,, then AB,A" B~ € Fy,.

(1.3) If A = ApZ and B = BoZ for non-empty words Ay, By such that
ByA s reduced, then AgZBoAy Z~ B, is reduced and the identity
AgZBoAy Z~ By = ABA™B™ holds. In addition if Ay, By, Z € Fy,,
then AB,A—B~ € F,,.

Proof. We only show (1.1). The non-emptiness of the word By follows from
ABA™B~ # e. Since AB and A” B~ are reduced, ABy and A™ B, are
cyclically reduced and hence the second statement follows from Lemma 2.12.

O

Lemma 3.2. Let A, B,C € W(E,,) be reduced words (possibly empty) such
that ABCA"B~C~ # e and AB, CA~B~C~ are reduced words. Then the
following hold:

(2.1) If B = BoC~, then ABy, A~CBy C~ are reduced words and the
identity ABoA~CB,C~ = ABCA™B~C~ holds. In addition if
AByA~, CB,C~ € Fy,, then AB,CA"B~C™~ € Fy,.

(2.2) If C = B~ Cy, then ACy, A~B~Cy B are reduced words and the
identity ACoA"B~Cy B = ABCA™B~C~ holds. In addition if
ACyA~, B~Cy B € F,,, then AB,CA"B~C~ € Fy,.

(2.3) If B = ByZ~ and C = ZCy for non-empty words By, Cy and
ByCy is reduced, then ABoCoA~ZB, Cy Z~ is reduced and the iden-
tity AByCoA™ZB, Cy Z— = ABCA™B~C™ holds. In addition if
AByCoA~, ZByCy Z~ € Fy,, then AB,CA"B~C~ € Fy,.

Proof. (2.1) The first proposition is obvious. Let By = XB1 X~ for a
cyclically reduced word By. Since (AX)B1(AX)™,(CX)B; (CX)™ € Fp,
AX,CX,B; € F,, by Lemma 2.11. Now AB = (AX)B;(CX)~ € F,, and
CA™B~C~ = (CX)(AX) (CBy; C™) € Fy,. We see (2.2) similarly.

For (2.3) observe the following. Since both By and Cjy are non-empty,
BoCy and By C are cyclically reduced. Hence, using Lemmas 2.11 and
2.12, we have (2.3). O
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The next two lemmas are stated so that they can be directly applied
by pattern matching for the reduction steps and so the statements contain
trivial parts.

Lemma 3.3. Let A, B,C € W(E,,) be reduced words (possibly empty) such
that ABA"CB~C~ # e and AB, A~ CB~C™ are reduced. Then the follow-
ing hold:

(3.1) If A = AyB, then AgB, AyCB~C~ are reduced and the identity
AoBA,CB~C~ = ABACB~C™ holds. In addition if AgBA,,
CB~C~ € F,,,, then ABA=,CB~C~ € F,,.

(3.2) If B = ByA, then ABy, CA™B;C~ are reduced and the iden-
tity AB)CA~ B, C~ = ABACB~C~ holds. In addition if ABy,
CA™B,C~ € F,, then ABA=,CB~C™ € F),.

(3.3) If B= BoZ and A= AoZ for non-empty words Ay, By and ByAgy
is reduced, then AgZBoAyCZ~ B, C~ is reduced. In addition if
AogZByAy,CZ~ By C~ € Fy, then ABA=,CB~C~ € F,.

Proof. The proof is not difficult, so we only indicate the main steps. Check-
ing that the words are elements of F},, is a matter of straightforward calcu-
lations.

(3.1) Since ApB is A itself and Ay CB~C™ is a subword of A=CB~C",
they are reduced by assumption.

(3.2) Since ABy is a subword of AB and CA~ByC~ is a subword of
A~CB~C7, they are reduced.

(3.3) Since AgZ By is a subword of AB and Ay CZ~BC~ is a subword of
A~CB~C7, they are reduced and hence AgZByA,CZ~ B, C~ is reduced
by the assumption of (3.3). O

The following lemma can be proved similarly to the preceding Lemma 3.3
and we omit its proof.

Lemma 3.4. Let A, B,C € W(E,,) be reduced words (possibly empty) such
that ABA=CB~C~ #e and A, BA—CB~C~ are reduced words. Then the
following hold:

(4.1) If A= AoB~, then Ay, BA;CB~C~ are reduced and the identity
AoyBA,CB~C~ = ABACB~C™ holds. In addition if AgBA,
CB~C~ € F,, then ABA=,CB-C~ € F,,.

(4.2) If B = A™ By, then By, ByA~CB, AC™ are reduced and the iden-
tity BoA—CBoAC~™ = ABA-CB~C~ holds. In addition if BgA~,
CBy AC™ € Fy,, then ABA~,CB~C™ € F),.

(4.3) If A = ApZ~ and B = ZBy for non-empty words Ay, By and
Ao By is reduced, then AgBoZ Ay CBy Z~C~ is reduced and the iden-
tity AgBoZA,CBy Z~C~ = ABACB~C~ holds. In addition if
AoBoZAy,CBy Z~C~ € Fy,, then ABA~,CB~C~ € Fy,.

The following lemma is used several times in the proof of the main theo-
rem.
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Lemma 3.5. Let A, B,C,D € W(E,) be reduced non-empty words.

(1) If ABA~ B~ is reduced and ABA~ B~ € F,,, and at least one of A, B
18 not small, then A, B € F,,.

(2) If ABCA™B~C™ is reduced and ABCA™B~C~ € F,, at least one
of A, B,C is not small, then A, B,C € F,,.

(3) If CABC~ DA~ B~ D~ is reduced and CABC~ DA~ B~ D~ € Fp,,
then A,B,C,D € Fy,.

(4) IfCAC~ DA~ D~ is reduced and CAC~ DA~ D~ € F,,, then CAC—,
DA™D™ € Fp,.

Proof. The statements (1) and (2) are paraphrases of Lemma 2.13.

(3) Let ¢ be the head of C and d be the tail of D™. Since ¢~ immediately
precedes d—, we have CABC~,DA~B~ D~ € F,,. Since AB, A~B™ are
reduced and both A and B are non-empty, AB is cyclically reduced. Now
the conclusion follows from Lemmas 2.11 and 2.12.

The proof of (4) follows the reasoning in the proof of (3). O

Lemma 3.6. Let A~ B~ and XoABX,, be reduced words such that XoAB =
BAX; for some Xy. If Ih(Xo) < lh(B), then there exist A', B’ such that
Ih(B'") < Ih(B), (A")~(B')” and XoA'B'X are reduced words, XgA'B' =
B'A'X,, A-B~XoABX; = (A')~(B')~XoA'B'X; , and A, B € (Xo, A", B).

Proof. First note that [h(Xg) # [h(B) since BX|, is reduced. Hence (h(B) >
Ih(Xo). If Th(B) = Ih(Xo)+1h(A), then we have XgA = B = AX; and have
the conclusion, i,e, A’ = A and B’ = (.

If [h(B) < lh(Xo) + lh(A), we have k > 0 and Ay, A; such that B =
XoAgAy, A = (AgA1)* Ay, and A; is non-empty. (Note that Ag may be
empty.) Let A’ = Ay and B’ = A;. Since [h(Xy) + Ih(A) = lh(B) + (k —
1)”L(AOA1) + lh(Ao), we have B = A1ApX,. Let A = Ap and B = Ay,
then we have the conclusion.

If (h(B) > lh(Xo) + lh(A), we have k > 0 and By, By such that BoB; =
XoA, B = (ByB1)*By, and By is non-empty. Note that By may be empty.)
Since Ih(B1By) = Ih(AX1), we have By By = AX,. Now B = XqA(ByB1)* 'By =
(BoB1)*'ByAX; holds. Let A’ = A and B’ = (ByB1)*!, then we have
the conclusion. O

Note that in Lemma 3.6 we have the following identity A~ B~ XoABX, =
XXy =A)" (B) " XoAB'X, .

Lemma 3.7. Let A,B,X,Y € W(E,,) be reduced words (possibly empty)
such that X and Y are non-empty, Y " A"B"YX ABX # e, Y A"B™Y
and X~ ABX are reduced words, and the reduced word of Y TA"B"Y X~ ABX
is cyclically reduced.
IfY-A"B YX ABX € F,,, then
(1) Y"TA BY, X ABX € F,,, or
(2) Y"A"B7Y X~ ABX is equal to cs orc; for some s such that lh(s) =
m and s is binary branched.
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Proof. If Y X~ is reduced, then Y~ A~ B"Y X~ ABX is cyclically reduced.
By an argument analyzing the head and the tail of Y~ and X we can see
Y"AB7Y, X ABX € F,,.

Otherwise, in the cancellation of Y~ A" B"Y X~ ABX the leftmost Y~ or
the rightmost X is deleted. Since Y "A"B"Y X ABX # eand (h(Y~"A™B7Y)
2lh(Y)+1h(AB) and lh(X~ABX) = 2lh(X)+1lh(AB), lh(X) # lh(Y). We
suppose that [h(X) > [h(Y), i.e. the head of Y~ is deleted. Then we have
X = ZY for a non-empty word Z.

We first analyze the reduced word of ATB~Z~ABZ, where A~ B~ is
deleted. The head part of Z7AB is BA. Applying Lemma 3.6 for Xg = Z~
and X7 repeatedly, we have reduced words Ag and By such that Z~AyByZ is
reduced, Z~ AgBy = ByAyX; for some X7, AEBO_Z_A()BQZ =A"B Z ABZ,
A, Be€ <Z, Ay, Bo> and lh(B()) < lh(Z)

It never occurs that both Ay and By are empty, but one of Ag and By may
be empty. If By = (), interchange the role of Ag and By and by Lemma 3.6
we can assume By is non-empty and [h(By) < [h(Z).

First we deal with the case Ag is empty. Since the leftmost B, is deleted in
the reduction of B, Z~ BpZ, we have non-empty Zj such that Z = Zy B, and
have a reduced word Z, BoZy B, with Z, BoZoB, = By Z~ ByZ. Since the
leftmost Y~ is deleted in the reduction of Y~ By Z~ By ZY and Z;, BoZoB, Y
is reduced, Z, BoZo B, is cyclically reduced and hence the reduced word of
Y~A"B Y X~ ABX is a cyclical transformation of Z;, By ZyB,, . By the fact
that Y is the head part of By Z~ByZY, Y is of the form (ZO_BOZQBO_)’“YO
where YoY, = Zj BoZoB,, for some non-empty Y7 and £ > 0.

If Yy is empty, we have Y"A"B Y X ABX = Z, BoZyB, . If one of
Zy and By is not small, then Zy, By € F,, by Lemma 2.13 and we have
Y~A"B7Y,X ABX € F,, by Lemma 3.6 and the fact Y = (Z; BoZoB; )*.
Otherwise, i.e., when of Zy and By aresmall, Y "A"B"Y X~ ABX = Z; BoZyB,,
is equal to ¢; or ¢, for some s such that [h(s) = m and s is binary branched
by Lemma 2.14.

IfYo =2y, Yo = Z, By or Yo = Z; BoZp, the argument is similar to
the case that Y{ is empty. Otherwise Yy ends somewhere in the middle of
one of the words Z;, By, Zy or B . Since the arguments are similar, we
only deal with the case that Yy = Z; B; where B1By = By for non-empty
By and By. Then Y AB"YX ABX = ByZyB, B Z; B; and hence
ByZyB, , By Zy By € F;, by Lemma 3.5 (4). Let Z; be a cyclically reduced
word such that Zg = U~ Z1U. Then Z;, BoU~, UB; € F,,, by Lemma 2.11.
Now

Y~ ZyY = By Zy(B1B2Zy By By Zo)* Zo(Zy BiB2Z0B; By )*Zy By
= (By ZoB1B2Zy By )*By ZoB1(B2Z0By By Zy B1)",
Y~Bo)Y = By Zo(B1B2Zy By By Zo)*B1Bo(Zy BiBaZoBy By )*Zy By
By ZoB1(BaZy By By ZoB1)*BaZy B1(B2ZoBy By Zy Br)".
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Hence Y~ ZyY,Y " ByY € F),. Since Z = ZyB,; and A, B are elements of the
subgroup (Z, By) generated by Z and By, we have Y ABY, X~ A" B~ X €
F,,.

Next we suppose that Ag is non-empty. We have k > 0 and A; and A,
such that 7= = BoAlAQ, A = (AlAQ)kAl, X1 =A3A1By. Since X" AB =
UX; for some U and X~ ABZ is reduced, X1Z = A2 A1ByA, A] B, is a re-
duced word. By the assumption a reduced word of Y~ AsA; ByA, A ByY
is cyclically reduced and AsA1BgA; A7 ByY is reduced, hence X;Z =
Ay A1 By A, A| B,y is cyclically reduced and the reduced word of Y~ A2 A1 B A, A By Y
is given by a cyclical transformation of AsA;ByA, A] By. Hence Y =
(AgAlBoAQ_Al_BO_)kYg where £ > 0 and AyA1ByA, A] B, = YyY; for some
Yi.

For instance the reduced word of Y~ A A1 ByA; A] By'Y is of the form
BoAgA;BaAQAl or BgAgA;BgB;AQAlBl where BO = BlBQ. By Lemma 3.5
(4) or (3) respectively we conclude Aj, A9, By € F,,, or Ay, As, By, By € Fy,
which implies Y- ABY, X~ A B~ X € F,. O

4. PROOF OF THEOREM 1.1

Lemma 4.1. For every grope group G° the following hold:

If e # [u,v] € Fy, and at least one of u and v does not belong to F,,, then
[u,v] is conjugate to cs or cg in F,, for some s such that lh(s) = m and s
is binary branched.

Proof. We have n > m such that u,v € F,,. It suffices to show the lemma in
case that the reduced word for [u, v] is cyclically reduced. For, suppose that
we have the conclusion of the lemma in the indicated case. Let [u,v] € F,
and [u,v] = XY X~ where XY X~ is a reduced word and Y is cyclically
reduced. Then we have [X " uX, X vX] = X [u,v]X =Y. On the other
hand X,Y € F,, by Lemma 2.11. By the assumption at least one of X ~uX
and X ~vX does not belong to F,. Since [u,v] is conjugate to Y in F,,, we
have the conclusion.

Let u,v € F, such that [u,v] # e and the reduced word for [u,v] is
cyclically reduced. There exist a cyclically reduced non-empty word Vy €
W(E,) and a reduced word X € W(E,) such that v = X~V X and the
word X ~VpX is reduced. Let Uy be a reduced word for uX~. Since Vj
is a cyclically reduced word, at least one of Uply and VU is reduced.
When UpVj is reduced, there exist £ > 0 and reduced words Y, A, B such
that Uy = Y‘AVOI", Vo = BA, and Y~ ABY is reduced. When, however,
WoU, is reduced, there exist k& > 0 and reduced words Y, A, B such that
Up =Y~ A(Vy ¥, Vo = BA, and Y~ ABY is reduced. In both bases uvu~! =
Y ABY and v = X" BAX. Note that AB and BA are cyclically reduced.

We analyze the reduction procedure of Y- ABY X~ A~ B~ X in the three
cases.

(Case 0): X and Y are empty.
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In this case both A and B are non-empty and we can use Lemma 3.1.
Using (1.1) and (1.2) alternately and (1.3) possibly as the last step we ob-
tain the reduced word AgZByA, Z~ B, of ABA™B~. Now there are two
possibilities: If one of Ay, Z, By is not small, by (1) and (2) of Lemma 3.5
Ao, By, Z € F,,; by applying Lemma 3.1 repeatedly we get A, B € F,,. If,
however, Ay, By, Z are not small, by Lemma 2.14 one of Ay, By, Z is empty
and [u,v] = ¢; or [u,v] = ¢, for some binary branched s with lh(s) =m .
(Case 1): Exactly of X and Y is empty.

Since the arguments are symmetric, we only deal with the case Y is
empty and X is not empty. Therefore at least one of A and B is non-
empty. As before we use Lemmas 3.2, 3.3, 3.4 to get the reduced word
AUV A, CU"V~C™ of ABX™ A~ B~ X. Depending on the possibility that
some of the above words are empty we apply one of (2), (3) or (4) of
Lemma 3.5 to get A, U, V, C € F,,. By applying Lemmas 3.2, 3.3, 3.4
repeatedly we get A, B € F,, which implies u,v € F,, or [u,v] = ¢, etc. as
in (Case 0).

(Case 2): Both X and Y are non-empty.

This follows directly from Lemma 3.7. Only in this case we use the as-

sumption that the reduced word of Y"ABY X~ A~ B~ X is cyclically re-

duced. g
Lemma 4.2. Let F' be the free group generated by the set B and a,b € B be
distinct elements. If [a,b] = [u,v] for u,v € F, then neither u nor v belongs

to the commutator subgroup of F.

Proof. Since a,b are generators, [a,b] ¢ [F,[F, F]] (Theorem 11.2.4,[7]) and
the conclusion follows. O

Lemma 4.3. Let F' be the free group generated by the set B and a,b € B be
distinct. If c,d € {B,5~ : B € B} and [a,b] = [z~ cx,y~'dy] for x,y € F,
then ¢,d € {a,a™,b,b"} and moreover ¢ € {a,a”} iff d € {b,b"}, and
ce{bb”}iffde{a,a"}.

Proof. Using the canonical projection to the subgroup (a,b) we see that
c,d € {a,a”,b,b}. To see the remaining part it suffices to show that if
c=a,and d = a or a”, then [a,b] # [z~ cx,y~ dy] for any z,y.

We show that aba~b~ is not cyclically equivalent to the reduced word of
[z~ tex, y~Ldy]. For this purpose we may assume x = e. We only deal with
d = a. We have a reduced word Y such that y lay = Y"aY and Y aY
is reduced. (Note that y # Y is possible.) The head of Y is not a nor a~,
since Y ~aY is reduced. When the tail of Y is a or a~, we choose n > 0
so that Y = Za™ or Y = Z(a™ )" respectively and n is maximal. Then Z
is non-empty. Now aZ~aZa~Z a~ Z is a cyclically reduced word which is
cyclically equivalent to aY "aYa~"Y "a”Y. Since aZ aZa~Z a~ Z is not
cyclically equivalent to aba™b~, we have the conclusion. O

Proof of Theorem 1.1. Let h : G% — G be a nontrivial homomorphism.
Let ¢s = cfo, di = cf, F, = F;?, and E,, = E;f Then there exists s, € Sy
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such that h(cs,) is nontrivial (clearly for every finite sequence s starting
with s, also h(cs) is nontrivial).

We have n such that h(cs,) € F,. Since F), is free, Im(h) is not included in
F,, and hence there exists ¢ € Sy starting with s, and such that h(c.) € F,
but h(ceo) ¢ Fy, or h(ca1) ¢ F,,. Then by Lemma 4.1 we have d, € E,, such
that h(c.) is conjugate to d, or d; and 7 is binary branched.

Moreover, Lemma 2.10 implies that neither h(cp) nor h(ce1) belongs to
F,,. We show the following by induction on k € N:

(1) For u € Seq(2) with lh(u) =k
(a) h(cey) is conjugate to dr, or d-, in F, ) and 7o is binary branched
for some v € Seq(2) with [h(v) = k;
(b) Neither h(ceyp) nor h(ce,1) belongs to Fiig;

(2) For every v € Seq(2) with [h(v) = k there exists u € Seq(2) such that
Ih(u) = k and h(ce,) is conjugate to dr, or d7, in F, .

We have shown that this holds when k& = 0.

Suppose that (1) and (2) hold for k. Let lh(u) = k and h(ce,) =
[h(ccun), h(ceu1)] is conjugate to dry = [drp0,drv1] or d7, = [dry1,dro] In
Fn_l’_k:-

We claim h(ceuo) € Fryk+1. To show this by contradiction, suppose that
h(cewo) ¢ Frik+1. Apply Lemma 4.1 to Fj, 4 k41, then we have [h(ccyuo), h(ccu1)]
is conjugate to d; or d; with lh(t) =n+k+1 in F,, 141, which is impossi-
ble since [h(ccuo), h(ceu1)] € [Fntk+1, Frntk+1]. Similarly we have h(ceyu1) €
Fotk+1-

On the other hand, neither A(ccyu0) nor h(ce1) belongs to [Fyykr1, Frik+1)
by Lemma 4.2. Hence at least one of h(ccyoo) and h(ceyo1) does not belong
to Fy4+k+1 and consequently neither h(cqu00) nor h(ceyo1) belongs to F i xy1
by Lemma 2.10.

Hence h(ceyp) is conjugate to d; or d; with [h(t) = n+k+1 by Lemma 4.1.
Similarly, h(ceu1) is conjugate to dy or d;, with lh(t') = n + k + 1. Since
h(cew) = [P(ceun), h(ceyu1)] is conjugate to dry = [dryo, drp1] or d7, = [drv0, droi)
in Frikt1, hccuo) and h(ceu1) are conjugate to dryj or d;vj for some j € 2
and for each j € 2 the element d,,; is conjugate to exactly one of h(ceuo),
h(ceu1), h(ceun)™ or h(ceu1)” by Lemma 4.3. Hence (1) and (2) hold for
k + 1. Now we have shown the induction step and finished the proof. U

Remark 4.4. Though the conclusion of Theorem 1.1 is rather simple, em-
beddings from G into G° may be complicated. In particular the group
of automorphisms of G is uncountable. We explain this more precisely.
Observe that

[de~d™,ded” ¢ d™ )| =dc d ded” ¢ d ded dede™d™ = ede™d™ = [e,d].
For T' C Sy we define or(cso) = Cs1C40C5; and or(cs1) = cs1¢C50Cq for
s € T and pr(csp) = cso and pr(cs1) = cs1 for s ¢ T. Then we have

automorphisms ps # pr for distinct subsets S and T of Sy. Hence we
have uncountable many automorphism on G°°. In particular this shows that



16

MAPS FROM THE MINIMAL GROPE TO AN ARBITRARY GROPE

there are uncountably many self-homotopy equivalences of the minimal grope
since for every one of the countably many attached 2-cells we have a choice
of more than one possibility to extend the self-homotopy equivalence.

[1]
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