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of free groups of finite rank.
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1. INTRODUCTION AND MAIN RESULT

A continuum is a compact connected metric space. The first shape
group of one-dimensional continua are the inverse limit of free groups
of finite rank and every inverse sequence of free groups of finite rank
is a pro-mi-sequence of a one-dimensional continuum [7, p.130]. Since
the first shape group is not fine enough to distinguish topologies of
various one-dimensional continua, shape theorists have not paid much
attention to the first shape groups. On the other hand, from group
theoretic view point, it is apparently meaningful to classify the inverse
limit groups of free groups of finite rank.

The present paper carries out the classification mentioned above.
An inverse sequence (G,,p, : n < w) is a sequence (G, : n < w)
of groups together with a sequence of homomorphisms p, : G,.1 —
G, where n runs through all non-negative integers. The inverse limit
liLn(Gn,pn : n < w) is a subgroup of the direct product {z € II,,.,G,, :
pn(x(n + 1)) = x(n) for n < w} and is often denoted by G. Let Z,
be a copy of the integer group Z for n < w. For groups Gy and Gy,
Gy * G1 is the free product of Gy and G.
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Theorem 1.1. The inverse limit of any inverse sequence of free groups
of finite rank is isomorphic to one of the following groups (1)-(5). Con-
versely, each of the groups (1)-(5) is isomorphic to the inverse limit of
some inverse sequence of free groups of finite rank. Moreover, groups
(1)-(5) are mutually non-isomorphic.

(1) free groups of rank;

(2) liLn(Gn,pn :n < w) where G, = x;<pnZi and py, : Gpi1 — G, s
the projection such that p, | *i<n Z; =1id and p,(Z,) = {e};

(3) the free group of countable rank F,j;

(4) @(Gn,pn :n < w) where Gy = F,, Gpy1 = Gy * Zy, and
Pn @ Guy1 — Gy, is the projection such that p, | G, = id and
pul(Zn) = {e};

(5) liLn(Gn,pn : n < w) where Gy = F,, and G,,.1 = Gp*F,,, where
F,, is a copy of F,,, pn : Gny1 — G, is the projection such that
pn | G =id and p,(F,,) = {e}.

Actually our proof classifies the limits of inverse sequence of free
groups of at most countable rank.

Corollary 1.2. For any sequence of free groups of at most countable
rank, there exists a sequence of free groups of finite rank such that the
wverse limits of these sequences are isomorphic.

If the all bonding maps p,, are surjective, then by a well-known theo-
rem [6, Proposition 2.12], the limit is isomorphic to either of the groups
(1) or (2) of Theorem 1.1. Such groups are the fundamental groups of
one-dimensional Peano continua.

A subgroup R of a group G is a retract of G, if there exists a homo-
morphism 7 : G — R such that r(z) = x for x € R. A subgroup is a
free retract of G, if it is a free group which is a retract of G. Undefined
notions are standard can be seen in [5].

2. PROOFS

The proof of Theorem 1.1 is divided into three steps: (a) every inverse
limit of an inverse sequence of free groups of finite rank is isomorphic
to one of the groups listed in Theorem 1.1, (b) every group listed in
Theorem 1.1 is realized as the inverse limit of a sequence of free groups
of finite rank, (c) groups (1)-(5) in Theorem 1.1 are mutually non-
isomorphic.

For an inverse sequence (G, p, : n < w), let Gy, = @(Gn,pn n<
w) and ¢, : G — G, the projection. Further let ¢, = py - pm_1 for
n < m and H, = ¢,(Gs). We adopt the same notaion for (G?,p!, :
n < w) fori=0,1.
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Lemma 2.1. For an inverse sequence of groups (Gp,p, @ n < w),
(Hpypu|Hnv1 © n < w) is an inverse sequence with surjective bonding
maps and @(Hn,pn]Hn+1 :n<w)=Gu.

Lemma 2.2. (A consequence of [3, Theorem 6.4]). Let Fy and F; be
free groups and h : Fy — F) be a surjective homomorphism. Then,

there exists an injective homomorphism o : Fy — Fy and a subgroup
Fy of Fy such that Fy = Fyx o(Fy) and hoo =id and h(Fy) = {e}.

Now we prove the statement (a):

Lemma 2.3. Let (G,,p, : n < w) be an inverse sequence of free
groups of finite rank. Then G is isomorphic to one of the groups
listed in Theorem 1.1.

Proof. Since any subgroup of a free group of finite rank is a free group
of at most countable rank, we assume that every p, is surjective by
Lemma 2.1 and every G, is a free group of at most countable rank.

First we assume that infinitely many G, are of finite rank. By taking
a subsequence we may also assume that all GG,, are of finite rank. If
almost all p,, are injective, then the inverse limit is a free group of finite
rank. If infinitely many p,, fail to be injective, we may assume that all p,,
are non-injective. By Lemma 2.2 we have an injective homomorphism
o, : G, — Gpy1 and a non-trivial free subgroup of finite rank K,
such that G171 = K, * 0,(G,,) and p,, o 0, is the identity on G,,. Now
(G, pn : n < w) is isomorphic to a subsequence of (%;<,Z;, pp : N < w)
in (2) of Theorem 1.1.

Next we assume that almost all GG,, are of countable rank. Then we
may assume that all G,, are of countable rank. If almost all p, are
injective and hence isomorphisms, then the limit is isomorphic to a
free group of countable rank. Otherwise we may assume that all p, fail
to be injective. As is the argument in the first paragraph, we apply
Lemma 2.2 to obtain, for each n < w, an injective homomorphism
on : G, — G,y1 and a non-trivial free subgroup of at most countable
rank K, such that G,,1 = K, * 0,(Gy) and p, o o, is the identity
on GG,. If K, are of finite rank for almost all n, then we see that
the limit is isomorphic to the group (4). Otherwise, infinitely many
K, are of countable rank, then we conclude, by taking an appropriate
subsequence, that the inverse limit is isomorphic to the group (5). O

Next we proceed to a proof of (b). A straightforward proof of the
following lemma is provided for completeness.

Lemma 2.4. For an inverse sequence of groups (Gﬁl,p; tn<w), let
(Gn,pn : n < w) be the inverse sequence defined by G, = G?L * G,l1 and
pn |Gl = pl. Then we have H, = H) x H}.

n
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Proof. Let (x, : n < w) be an element of G, and fix an arbitrary n.
Let Wy, = wy 0 - - - Wn i, be the reduced word of z,, as an element of the
free product G,, = G2 x GL. Note that w,; € G if and only if w,, ;41 €
G177, The desired conclusion is equivalent to w,; € H’ U H}. For this
purpose, we define subwords of U, ,, ; of W,,, for m > n inductively. Let

U, ni be the word of one letter w,,; For i =0,--- | k,, let U,4+1,, be a
subword of W,, 11 so that p,(Up+1n:) = Wi and Upy1n0- - Unstnp, =
Wiiq.

Suppose that Uy, ., is defined for 0 < ¢ < k,. Then we have
Ui = Wi joWm.jot+1 - Wi j, - Let Up, i be the word of the concatena-
tion Um+1,m,j0 Um,j0+1 cee Um+1,m,j1- Then we have pm(Uerl,n,i) = Um,n,i
and Uerl,n,O e Um+1,n,kn = Werl-

Let 7 : G x GL — GJ be the projection. If w,; € G,

pm(riwrl(UmH,n,i)) = Tgn(pWL(Uerl,n,i)) = 7”fn(Umm)

for m > n. This means (17, (Up,ni) : n < w) is an element of GZ_ which
projects w, ;, which implies that w,,; = U, ; belongs to H/. ]

We remark that G is not isomorphic to G% * Gl except trivial
cases, e.g. when all G° are trivial groups or when all p? and p! are
injective.

Let Z;; be copies of the integer group Z. It is easy to construct
the sequences for (1) and (2). Below we construct sequences only for

(3),(4) and (5).

Lemma 2.5. There ezist inverse sequences (Gp,p, : n < w) of free
groups of finite rank whose inverse limits are isomorphic to those of

(3), (4) and (5) respectively.

Proof. Since the commutator subgroup of the free group of rank two
is a free group of countable rank, we have an injective homomorphism

ht from *ggg_lzm to the commutator subgroup of Z; 9,1 * Z; 2,,. De-
2(n

2(:"1+1)Zid — %20 Zij by: g}, | *j:fl) Z;; is the identity on

fine g, : *;
2007, and gl | 3032 Lij = hi for 1 <n < w. We remark that g

Jj=1 ’
maps Z;1 * Z;» to {e} and ¢!, are injective for n > 0.

In order to realize the group (3), let G,, = *?QIZOJ and p, = ¢°
for 1 < n < w. Since each p, is injective, Goo = (o1 Gim(Gm)-
Since (51 ¢im(Gm) is a subgroup of G'1, (-1 ¢1m(Gm) is a free group
of at most countable rank. It suffices to show that it is not finitely
generated. Since (o1 Gum(Gm) = 52 Z0 5 % (Vopsn Gum (¥ 9011 Z0,5),
=1 @im(Gr) has a free retract of 2n rank and hence is not finitely
generated.
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Next we proceed to realize the group(4). Let G, VR EEIRYAY

and let p, | *2(”+1) Zo; = g9 and p, | *}_) Zy; to be the 1dent1ty on

" 7y ; and pn(Zl nt+1) = {e}. We apply Lemma 2.4 for G, = 3", Zy ;
and Gl = 717, 5. Obviously H! = *] 1Z j and, since g2 is injective
for n > 0, We - have HY) = Mpon o (5 Zo 3). Here (5, @ (5571 Zo )
is a free group of countable rank by the above proof for (3) and hence
this inverse sequence, i.e. (H,,p,|H, : 1 < n < w) is the sequence of
(4) in Theorem 1.1.

Finally for the group (5), let G,, = " 0*3(n1_i+1)Z” for 1 <n <wand

let p, : Gny1 — G, be a homomorphism such that p, | * (n= HQ) Zi; =
Ghy1 for 0 < i < n. We remark p,(Zpi11 * Zps12) = go Y Zngr *

Zn+1 2) = {e}. We need to analyze H,. We shall show that H, =
' oS!, where S¢ < x7 ("1 g, 4 and S¢ is a free group of countable

n’
rank for n > i, and pn|S 41 is an isomorphism for n > 4, which implies
the Conclus1on.

To show this for S°, we apply Lemma 2.4 for G¥ = (nH)ZO] and
Gl =« *3("1_”1) Zi;. As in the proof of (4), we see that H? =
SO is a free group of countable rank and p,|S),; : So.; — SO is an
isomorphism for n > 0. For S! we apply Lemma 2.4 to the inverse
2(n—i+1) 7
7j=1

new Gy = *5, 7y ; and the new G, = %, *; ;.j» and conclude
that pn]SnH Sty — S} is an isomorphism for n > 1 and we see S} is

a free group of countable rank. Consequently, we have H; = Sy x Si.
(n i+1) 7.

sequence Gl = %7 i, instead of Gy, i.e. we consider the

(n i+1) 7.

For S*, we work inductively on ', *; i.; instead of G,, and
conclude S¥ is a free group of Countable rank and p,|SF,; — SFis an

isomorpism for n > k. U

Next we recall a generalization of the Higman theorem.

Lemma 2.6. [2, Theorem 1.2](Weak form)
Let (Gp,pn : n < w) is an inverse sequence such that each p,, is
surjective. For any homomorphism h from Go to a free group F,

there exists an m < w and a homomorphism h : Gy, — F' such that
h = hop,,.

Lemma 2.7. Let (G,,p, : n < w) be an inverse sequence. If R, is a
retract of G,, and r, : G, — R, is a retraction for each n such that
Pn OTni1 = Ty O Pp, then (R, pu|Ry : n < w) is a inverse sequence and
@(Rn,pn]Rn :n < w) = Ry is a retract of G
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Proof. Define r(x)(n) = r,(z(n)) for x € Rs. Then we have

p(r(z)(n+1)) = pporns(x(n+1)) = roopn(z(n+1)) = ro(x(n)) = r(x)(n)

and hence r(x) € Ry and r(z) = x for x € R... O
Applying this lemma, we have

Lemma 2.8. Let (G, p, : n < w) be an inverse sequence such that
G, = *_H; and p,| %!, H; is the identity and p,(H,+1) = {e}. Then
the subgroup

G, ={z € G| z(k) = x(n) for k > n,z(k) = qua(z(n)) for k < n}
is a retract of G, and isomorphic to G,,.

We identify G,, with G, and simply write G,,. Also we specify p,, :
G — G, to be the retraction as above.

By Lemmas 2.3 and 2.5, it suffices to show the non-isomorphicness
and particularly to show the non-isomorphicness among three uncount-
able groups (2), (4), (5). The groups (4) and (5) have a free retract of
countable rank Gy by Lemma 2.8. Now we show (2) has no free retract
of countable rank. Suppose that r : Go, — R be a retraction to a free
retract R of countable rank. Then, by Lemma 2.6 we have an m and a
homomorphism h : G,,, — R such that » = h o p,,,. Since G,, is finitely
generated, R is finitely generated, a contradiction.

Now what remains to be shown is the group (4) is not isomorphic to
the group (5). A proof requires an involved argument is carried out in
the next section.

Remark 2.9. As in [2, Theorem 1.2], Lemma 2.6 also holds when F'
15 the fundamental group of the Hawaiian earring.

3. THE NON-ISOMORPHICNESS OF THE GROUPS (4) AND (5)

For a group G let Ab(G) be the abelianization of G, i.e. Ab(G) =
G/G'. For a homomorphism h : Gy — Gy, let Ab(h) : Ab(Gy) —
Ab(G1) be the induced homomorphism.

An abelian group A is complete mod-U, if for a given sequence a,, (1 <
n < w) of elements of A satisfying (n+1)! | a,41—a, forevery 1 <n < w
there exists ao such that n!|a,, — a, for every 1 <n < w.

Since 7Z is not complete mod-U and the homomorphic image of a
complete mod-U abelian group is again complete mod-U, we have

Lemma 3.1. [1, Proposition 4.3] Let A be a complete mod-U abelian
group. Then Hom(A,Z) = {0}.



THE INVERSE LIMITS OF FREE GROUPS OF FINITE RANK 7

Let G,, = *]" H; and p,, : G,,41 — G, be the projection such that
Pn | G, =id and pn(Hn-i-l) = {6}

Let p, : Go — G, be the projections and also let r, : G,, — H,
be the projections. Define 0 : Goo — I« Ab(H,) by o(z)(n) =
Ab(r,(pn(x))) for n < w. The following lemma is a variant of [1,
Theorem 4.7] for inverse limits.

Lemma 3.2. The group Ker(c)/G" is complete mod-U.

Proof. We present G’ by [z]. If x € G’, then p,(x) € G!, and = €
Ker(o), i.e. we have G’ < Ker(c). Let z € Ker(o) and n < w. Since
(xI'_oH;)" naturally becomes a subgroup of G, by Lemma 2.8, we have
y € Ker(o) such that [y] = [z] and p,(y) = e.

Suppose that (n+ 1)!| [zp41] — [2,] for 1 <n < w. We have y,, such
that y1 = 21, (0 + ! [Yyns1] = [Tn41] — [20] and pu(yni1) = e

The above is rewritten as [z,] = XP ,i![y;]Jand hence the desired
element v woulf be formally as [v] = 35°,4![y;] but the limit procedure
should be carried out carefully so that (n + 1)!|[v] — [z,]. In order

to make as appropreate procedure, we use a tree with lexicographical
ordering to express elements in a non-commutative group.

Let Seq be the set of all finite sequences of natural numbers and
denote the length of s € Seq by lh(s), i.e. s = (s(1),---,5(lh(s))).
The empty sequence has length 0. For s,t € Seq, s < t if s(i) < t(4)
for the minimal ¢ with s(i) # ¢(i) or ¢ extends s properly.

Let Dy = {s € Seq : 0 < Ih(s) < n,1 < s(i) <i+mfor 1<
i <n}and W,,, : Dy — G, with the ordering < and W, ,(s) =
Pn(Ym+in(s))- Then, under the ordering <, W, ,, express an element of
G, e.g.

Wio = pa(y1)p2(y2)p2(ys) p2(ys) p2(ys) p2(y2) p2(ys) p2(ys) p2(ys)

= p2(y1)p2(y2) p2(y2)-

Then, it is easy to see p, (Wi nt+1) = Wi and hence we have g, € Goo
such that p,(gm) = Win.

We observe ¢,, = ymg™ L. Hence we have
m+1

(1] = Zydl[yi] + (n + 1)Ygn]
and consequently (n+ 1)!|[g1] — [z4a)- O
Lemma 3.3. [4, Theorem 94.5] Let h : Z* — @Z be a homomorphism.

Then there exists n < w and a homomorphism h: 7" — @7 such that
h = h o p,, where p, : Z* — Z" s the projection.

Lemma 3.4. The abelian group I1;«,(®;<.Z; ;) is a homomorphic im-
age of the group of (5), but is not a homomorphic image of the group

of (4)-
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Proof. Let (Gy,p, : n < w) be the inverse sequence of (5). Then,
Ab(p,) : Ab(Gry1) — Ab(G,) is a homomorphism from (P, Z)" ! to
(®,7Z)"™ such that the restriction of Ab(p,,) to (B,2Z)" is the identity and
Ab(py,) maps the last copy of @,Z to {0}. Hence lim(Ab(G,), Ab(p,) :
n < w) is isomorphic to I;«,(®;<,Z; ;) and hence Il (B Z; ;) is a
homomorphic image of the group of (5).

Next h be a homomorphism from G to Ilc,(®j<wZ;j), where
(Gn,pn : n < w)is the inverse sequence of (4). Since the range is a sub-
group of a direct product of copies of Z, the restriction of h to Ker(o)
is the zero homomorphism by Lemmas 3.2 and 3.1. Hence we have a
homomorphism % : Gu/ Ker(o) — ;e (®j<wZ; ;). Since @(Gn,pn :
n < w)/Ker(o) = @,ZOZ, we may assume that h is a homomorphism
from @WZ ) 7° to Hi<w(@j<me). Let T . Hi<w(@j<wZi,j) — @j<wZi,j
be the projection for each i. By Lemma 3.3 we have k; < w such that
T; © h(Zw) S EB]<MZ’LJ Let r : Hi<w(@j<wZi,j) — H1<w<@‘72klz%]) be
the projection. Then we have r o h(Z*) = {0}. Since r o h(®,Z) is at
most countable, we conclude that A is not surjective and consequently
h is not surjective. 0

Since Lemma 3.4 implies that the group of (4) is not isomorphic to
that of (5), we have completed our proof of Theorem 1.1.
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