SINGULAR HOMOLOGY GROUPS OF
ONE-DIMENSIONAL PEANO CONTINUA

K. EDA

ABSTRACT. Let X be a one-dimensional Peano continuum. Then the
singular homology group H;(X) is isomorphic to a free abelian group of
finite rank or the singular homology group of the Hawaiian earring.

1. INTRODUCTION AND MAIN RESULT

The study of singular homology of one-dimensional spaces is back to
Curtis and Fort [3]. They proved that for every one-dimensional separable
metric space X the singular homology groups Hy(X) = {0} for k£ > 2.

A Peano continuum is a locally connected, connected, compact met-
ric space. As we have proved previously, the fundamental groups of one-
dimensional Peano continua determine their homotopy types [8], and in par-
ticular the fundamental groups of one-dimensional Peano continua which are
not semi-locally simply connected everywhere determine their homeomor-
phism types [7]. Consequently, the fundamental groups of one-dimensional
Peano continua are abundant. We recall that the Hawaiian earring is the

plane compactum

1 1
H = ) s (r— —=)? = —1<n<wh
{@y):(@—-—)+y' = S:l<n<w}
It is known that the singular homology group of the Hawaiian earring is

isomorphic to the abelian group
/e D @CQ S Hp:primeApa

where w is the least infinite ordinal, c is the cardinality of the continuum
and A, is the p-adic completion of the free abelian group of rank c [11,
Theorem 3.1] (see Remark 1.3).

In contrast to the case of the fundamental groups, we have

2010 Mathematics Subject Classification. 55N10, 54E45, 20K.
Key words and phrases. one-dimension, Peano continuum, singular homology, Hawai-
ian earring, algebraic compactness.
The author is partially supported by the Grant-in-Aid for Scientific research (C) of
Japan No. 20540110.
1



2 K. EDA

Theorem 1.1. Let X be a one-dimensional Peano continuum. Then the
singular homology group H(X) is isomorphic to a free abelian group of

finite rank or the singular homology group of the Hawaiian earring .
The proof shows,

Corollary 1.2. Let X be a one-dimensional Peano continuum. If X is
locally semi-simply connected, then Hy(X) is isomorphic to a free abelian
group of finite rank. Otherwise, Hy(X) is isomorphic to the singular homol-

ogy group of the Hawaiian earring .

The result is somewhat unexpected, because the classification is the same
as those of the Cech homology groups and and the shape groups (Cech
homotopy groups) of one-dimensional Peano continua, while that of the
fundamental groups is different, which we have mentioned above. Though
proofs for the classifications of the Cech homology groups and the shape
groups are done rather geometrically, the proof for the singular homology
groups is highly group theoretic as we show in the sequel.

As well-known, M. G. Barratt and J. Milnor [1] proved that the three di-
mensional singular homology group of the two dimensional Hawaiian earring
is non-trivial, which shows a counter-intuitive behavior of singular homol-

ogy. Our result is another counter-intuitive one even in the dimension one.

Remark 1.3. The proof of [11, Theorem 3.1] depends on [6, Lemma 4.11].
However there is a gap in the proof of [6, Lemma 4.11]. Hence we prove
Lemma 3.6 in the present paper and trace another way of proofs and gen-
eralize [11, Theorem 2.1].

2. SEQUENCES AND ABELIAN GROUPS

To express finite or infinite sequences of paths and elements of groups, we
introduce some notion, which we have used in [6, 5, 9]. Let Seq be the set of
all finite sequences of non-negative integers and denote the length of s € Seq
by (h(s). The empty sequence is denoted by ( ). For s,t € Seq, let s *t be
the concatenation of s and ¢, i.e. [h(s*t) = lh(s)+h(t) and (sxt); = s; for
1 <@ <Ih(s)and (s*t); = t;_ip(s) for Ih(s)+1 < @ < Ih(s)+1h(t). Generally
s € Seq is denoted by (sy,- - -, s,) where si(1 < k < n) are non-negative
integers and n = [h(s). The lexicographical ordering is denoted by =, i.e.
for s,t € Seq, s <X tif s; < t; for the minimal ¢ with s; # t; or ¢ extends s.
For a non-empty sequence s € Seq, let s* € Seq be the sequence such that
[h(sT) = lh(s) and s; = s; for i < lh(s) and s;” = s; + 1 for i = Ih(s).
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We summarize notions for abelian groups. Hence in this section a group
means an abelian group. For a group A, the Ulm subgroup U(A) of A is
(M{n!A : n < w}. If A is torsionfree, U(A) becomes to be the divisible
subgroup D(A) of A. The divisible subgroup is a direct summand of A. A
torsionfree divisible group is the direct sum of copies of the rational group
Q.

A group A is called complete mod-U, if AJ/U(A) is complete [16, VII
39], i.e. for a given a,, € A(n € N) such that n!|a,+1 — a,, there exists an
element a such that n!|a — a, for every n € N.

It is known that a group A is algebraically compact, if and only if A
is complete mod-U and U(U(A)) = U(A) [4]. If A is torsionfree, then
U(A) =U(U(A)) = D(A). Hence, a torsionfree, complete mod-U group is
algebraically compact. The structure of a torsionfree algebraically compact
group is well-known and determined by cardinalities depending on primes
[16, p.169]. Let Z be the Z-completion of Z [16, p. 164]. Then Z = I.primedp,
where J, is the p-adic integer group.

A subgroup S of a group A is pure, if, for a € S, n|a in A implies n | a
in S. It is known that a group A is algebraically compact, if and only if A is
pure-injective, i.e. if A is a pure subgroup of a group B, then A is a direct
summand of B.

For a group A, Rz(A) is the subgroup ({Ker(h) : h € Hom(A,Z)},
which is a radical, i.e. Rz(A/Rz(A)) = {0}. It is easy to see that A/Rz(A)
is a subgroup of the direct product of copies of the integer group Z. For

undefined notions for abelian groups, we refer the reader to [16].

3. PATHS IN ONE-DIMENSIONAL METRIC SPACES AND GROUP
THEORETIC PROPERTIES

To investigate the divisibility in H;(X) we recall reduced paths on the
line of thinking in [7].

For a < b, a continuous map f : [a,b] — X is called a path from
f(a) to f(b). The points f(a) and f(b) are called the initial point and the
terminal point of f respectively. When a = b, the path f is said to be
degenerate. A loop f is a path with f(a) = f(b). For a path f : [a,b] — X,
f~ denotes a path such that f~(s) = f(a+b—s) for a < s < b. Two paths
f:la,b] - X, g : [c,d] — X are equivalent, denoted by f = g, if there
exists a homeomorphism ¢ : [a,b] — [c, d] such that ¢(a) = ¢, ¢(b) = d and
f=g-¢. Two paths f : [a,0] — X and g : [¢,d] — X are homotopic if there

exists a continuous map H whose domain is the quadrangle in the plane
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with the vertexes (a,0), (b,0), (¢,1) and (d, 1) such that

H(s,0) = f(s) for a < s <b,
H(s,1) =g(s) for c < s < d,
H((1—=ta+tct)= f(a)=g(c) for0<t <1,
H((1—-t)b+td,t)=f(b) =g(d) for0<t<1.

The homotopy class containing a path f is denoted by [f]. The homotopy
defined above is usually called “a homotopy relative to end points.” Since
the homotopies that appear in this paper have this property, we drop the
term “relative to end points” for simplicity.

A path f : [a,b] — X is reduced if each subloop of f is not null-
homotopic, that is, for each pair v < v with f(u) = f(v), f | [u,v] is
not null-homotopic. Note that a constant map is reduced if and only if it is
degenerate. For paths f : [a,b] — X and ¢ : [¢,d] — X with f(b) = g(c),
fg denotes the concatenation of f and g, that is, a path from [a,b+ d — |
to X such that fg(s) = f(s) for a < s < b and fg(s) = g(s — b+ ¢) for
b<s<b+d—c. Aloop fis cyclically reduced if ff is reduced. An arc A
between points x and y is a subspace of X which is homeomorphic to the
unit interval [0, 1] whose end points are x and y.

Lemma 3.1. [7, Lemma 2.4] Let X be a one-dimensional normal space.
Then every path is homotopic to a reduced path and the reduced path is

unique up to equivalence.

Lemma 3.2. [7, Lemma 2.5] For a reduced loop f, there exist a unique
reduced path g and a unique reduced loop h up to equivalence such that
f =g hg and h is cyclically reduced.

Lemma 3.3. [7, Lemma 2.6] Let X be a one-dimensional space. For reduced
paths f : |a,b] = X and g : [c,d] — X with f(b) = g(c), there exist unique
paths h, f' and ¢ up to equivalence such that

e f=f'h~ and g = hg';

e f'g" is a reduced path.

Though any path in a one-dimensional space X is homotopic to a re-
duced path (Lemma 3.1), there’s no effective reduction steps in general (see
Example 3.9). However, if fify--- f, is a path in X and each f; is a re-
duced path, we have the reduced path of fifs--- f, by cancellations using
Lemma 3.3 at most n—1-times, i.e. we have a finite step reduction. For a
loop f in a space we denote the homotopy class of f by [f] and the singular
homology class of f by [f]x-
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Definition 3.4. A sequence of non-degenerate reduced paths fi, -, fon
is of 0-form, if its concatenation f; --- fon is a loop and there exist pairings
{ix, jx} (1 < k < m) of the index set {1,--- ,2N} such that f; = f; for
1<k<N.

The word 0-form means that the concatenated loop represents the trivial
element in the singular homology group. We remark that the empty sequence
is of O-form.

Definition 3.5. The length of a 0-form fi,--- | foy is NV and its rank is the
cardinality of the set {i : f;fi11 is not reduced for 1 <i < 2N — 1}.

Lemma 3.6. Let Iy be a reduced loop in a one-dimensional space X. Then,
[lo]n = 0 in Hi(X) if and only if by is a degenerate loop or there exists a
O-form fi, -, fon such that ly = f1--- fon.

Proof. The if-part is clear and we show the other direction. Since any loop is
homotopic to a unique reduced loop up to the equivalence by Lemma 3.1 and
the homopotopy class of a 0-homologous loop belongs to the commutator
subgroup of the fundamental group by the Poincaré-Hurewicz theorem, it
suffices to show that any 0-homologous loop is homotopic to a reduced loop
of O-form.

We prove the lemma by induction on the rank r and the length N where
the ordering of pairs (r, N) is lexicographical. We remark this ordering is
a wellordering, which assures our induction works. If » = 0, then the loop
of 0-form is reduced and we have the conclusion. On the other hand if
N =1, then f;f; is homotopic to a degenerate loop. Hence we proceed to
the induction steps.

We introduce a basic reduction of a 0-form fi, -, fan,. Suppose that
fit1 -+ fan, is reduced and f;--- fan, is not reduced. Let ry be the rank of
fiso++, fany. By Lemma 3.3 we have f; = f/h, fiz1--- fan, = b7 f{,, such
that f;f/,, is reduced. A basic reduction of fi,---, fan, is the following

O-form f7, -+ fon,-

(Case 1) f] and f/,, are not empty: We cancel hh~, replace f; and fi1q by
fi and f],, respectively and get a O-form f1,--- fi_1, f], fii1, fiva, oo foang
as f1, -+, fan,, whose rank is ro — 1 and Ny = Ny + 1.
(Case 2) f/ or fi,, is empty:
(Subcase 2.1) f/ is empty and f;_1f/ , is reduced, or f/,; is empty and
flfite is reduced:
We cancel hh™, rearrange pairings if necessary and get a O-form ff',- -, foy, .

Then, in the former case N; = Ny — 1 or the rank is ry — 1 according to the
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emptiness of f,; and in the latter case N; = Ny — 1 or the rank is ro — 1

i
according to that of f.

(Subcase 2.2) Otherwise, i.e. f] is empty and f;_; f,, is not reduced, or f;,
is empty and f!f; 1o is not reduced:

We get a O-form ff,---, f55, as in Case 2.1, whose rank is equal to or
less than rg and Ny = Ny (actually we can conclude that the rank is r¢ but
it is not necessary for our argument).

Starting from a given loop [ of 0-form, we iterate basic reductions. If
the cases other than Subcase 2.2 appear we have the conclusion by induc-
tion hypothesis. Hence we show that Subcase 2.2 never continue infinitely
many times, which completes our proof of Lemma 3.6. To the contradic-
tion, suppose that Subcase 2.2 iterates infinitely many times starting from
a loop [ of O-form. Then we have an infinite sequence of 0-forms o, and

O0<api1<ap,<---<a=0b <---<b, <bpr1 <1 such that

(1) the rank and the length of o,, are the same as those of oy;
(2) (111]0,a,))(L | [bn,1]) is the concatenation of paths in o,,.

We remark (I | [an,a1])” =1 [ [b1,b,]). Let as, = inf{a, : n < oo} and
boo = sup{b, : n < oo}.

In the mg-step we have N-pairings. If the two intervals of a pair are in
[0, @oo] U [boo, 1], then this pair is not changed in any m-step for m > my.
For intervals appearing in some steps, we call an interval outside, if it is
contained in [0, @] U [boo, 1] and inside if it is contained in [auo, boo]. We call
an interval [c, d] overlapping, if ¢ < aoo < d < by OF G < € < by < d. First
we claim that an outside interval never be paired with an overlapping one.

To see this by contradiction suppose an outside interval [cy, dy] is paired
with an overlapping interval [c1, d;]. We assume ¢; < ay < dj, since the
other case is symmetric. Once [cg, dp] and [c1, d;] are paired, infinitely many
[u,dy] are paired with some overlapping [¢;, v] in some steps. This implies
that there are more than N pairs appear in some step one of whose pairs
are subintervals of [co, dy], which is a contradiction.

Next we show that after some steps outside intervals are paired with
other outside intervals. If an outside intervals [ is paired with an inside
interval, then according to disppearing of the inside intervals [ is possibly
partitioned. But such partitionings for I occur only finitely many times,
since this procedure fixes the number Ny of the pairs. Now we observe a
non-degenerate subinterval Iy of I, which will not be partitioned. We claim
that Iy will be paired with an outside interval. Otherwise, I is paired with

infinitely many inside intervals, which implies that I, is the degenerate path
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[(as) = l(bs), a contradiction. Hence we conclude that after some steps
every outside interval is paired with another outside one.

We remark that if an overlapping interval does not appear in some step,
then it does not appear in further steps and if an overlapping interval is
paired with another overlapping interval in some step, then in further steps
two overlapping intervals are paired. Next we show that after some steps
overlapping intervals are paired with other overlapping intervals. To see this
by contradiction, suppose that an overlapping interval [cg, dy] with ¢y <
(oo < dy < by is paired with an inside interval and in further steps its
overlapping subintervals are paired with inside intervals. Then as in the case
of outside intervals there appear only finitely many subintervals of [cg, o]
in the further steps and hence we have an overlapping interval [c;, d;] with
co < ¢ < Ao < dy < dy such that in the further steps an overlapping
interval containing a., is of form [¢;,d] for some d < d;. Since |[c1, o] 1S
not degenerate, we have a contradiction as in the case of outside intervals.
The case as < ¢p < by < dp is symmetric and we omit its proof.

These imply that after some steps every inside interval is paired with
another inside interval. Now choose two points ug, u; from an inside interval
so that {(u;) # l(ug). Then we have copies of them in some inside interval at
any further steps and we have a contradiction {(u1) = l(as) = U(bso) = (u2).

Now we have completed proof of Lemma 3.6. We remark our proof implies
that the basic reductions stop in a finite step, since Subcase 2.2 never occurs
infinitely many times and other cases decrease the order of a pair (r, N). O

A family U of open subsets of a space X is of order 2, f UNV NW = ()
for each distinct U, V., W € U. If a space X is one-dimensional, then every
finite open cover has a refinement of order 2 [15].

There is a natural homomorphism from the singular homology to the
Cech homology. Though we’ll use a result of [12] in principle, we need to
investigate the homomorphism more precisely and we present a direct pre-
sentation of the homomorphism according to [10].

For a loop [ in a one-dimensional space X, we define a loop f;; in the
nerve X, as follows [14].

We take a sequence 0 =ty < t; < --- < t, = 1and elements Uy, --- ,U, €
U with the following properties:

o I(t;) € U, for each 0 < i < n and Uy = U,, = ay;
o U([ts, tix1]) CU; U Uiy for 0 <i < m.
Define [, : [0,1] — Xy as ly(t;) = U; and extend linearly on each [t;, ;1]

Then, such an [, is unique up to homotopy, i.e.
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(1) Take another sequence 0 = t;, < ¢} < --- < t/, = 1 and elements
Ui, -+ ,U], € U and define a loop [, in Xy, so as to satisfy the above
two conditions. Then, [;; and [, are homotopic.

(2) If m is a loop in X homotopic to [, then my and [y are also homo-
topic.

The natural homomorphism o : H;(X) — H,(X) for a path-connected
space X is defined by: py(o([1]n)) = [lu]n, where py is the projection from
H,(X) to Hi(Xy), and [1] is the homology class containing I and [I/], the
homology class containing [y, respectively.

For the following construction we suppose that X is a locally path-
connected metric space and U be an open cover of X consisting of path-
connected sets is of order 2. Since we use this for locally path-connected
spaces, we always use covers consisting of path-connected sets.

We use the preceding notation for a loop [ in X and a cover of X. Let
Uy ={U; : 0 <i<n} CU be a finite cover of Im(/) and py, = 1(0). Choose
py € U for U € Uy with U # U,. Then, using the path-connectivity of U
and V we inductively define an arc Ayy = Ayy C U UV between py and
py for U,V € Uy with UNV # B so that Ayy is the unique arc between
pu and py in (UU V)N H{Auy : U,V € Up}. Then U{Avv : U,V € Uy}
is homeomorphic to a finite graph and (U U V) N J{Avv : U,V € Uy}
is simply-connected for each U,V € Uy. We remark that py may not be a
branching point in this finite graph and Ay is the one point set {py }. Since
U is infinite, to avoid a tedious argument, we do not construct a graph in
X for the nerve Xy,.

Next we construct a loop [ in the finite graph | J{Ayy : U,V € U} for a
loop [ with base point Uy in the nerve X;,,, which is a finite graph, so that a
path in the edge UV corresponds to a path from py to py on the arc Ayy.

Then we apply this construction to the above loop ly;. Then Iy | [t;, tiy1]
is a path from py, to py,,, on the arc Ay,p,,, and Iy (0) = 1(0) = I(1) = l(1).

Lemma 3.7. Let X be a one-dimensional locally path-connected metric
space. If 1 is a loop such that [1];, € Ker(o), then [ is homologous to the
sum of arbitrary small cycles. In addition, arbitrary small cycles can be

chosen in the image of 1.

Proof. Let | be a loop with [[], € Ker(c). For a given cover V, according
to the paracompactness of X we have a locally finite refinement V, of V. By
Dowker’s theorem [15, 7.2.4], we have an open 2-cover V; which refines V.
Let U be the set of all path-connected components of some V' € V;. Then U

is a 2-cover consisting of path-connected open sets. Hence, for a given € > 0
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we can choose an open 2-cover U of X which consists of path-connected
open sets with size less than £/2. Taking sufficiently large n, according to
the preceding construction we have 0 =ty <t; < ---<t, =1, U; €U, Uy,
pu for U € Uy, Iy and 1.

Let ¢; be a path from py, to [(¢;). Since [ly], = 0, we have a partition
of the index set {0,1,---,n — 1} = {ix,jr : 1 < k < m} U S such that
n =2m+ |S| and | | [t;.t;41) = (I | [ti,,tiu+1])” and U; = U4y for
each ¢+ € S. We remark that this is the edge-path version of the O-form in
Lemma 3.6. Then, ; is a null-homologous loop in X. We have

+ ST [t tia]) @i (B T [tis tia]) ™ () 7]
+ [(l f [tn—latn])(E f [tN—htn])_qg]}r
Since the homology classes of cycles in the last summations are of size less
than ¢ and [l ], = 0, we have the conclusion.
For the additional statement, we remark that Im(/) is a Peano continuum
and every path in X is homotopic to the reduced path in its image. Thus, the

preceding proof can be done in Im(/) and we have the additional statement.
O

Lemma 3.8. Let X be a one-dimensional locally path-connected metric

space. Then Rz(H1(X)) < Ker(o) holds.

Proof. Decompose X to the path-connected components X; (i € I). Then
we have Hy(X) = @;erH1(X;) and Rz(H1 (X)) = @ierRz(H1(X;)). Hence,
without loss of generality we assume that X is path-connected. To prove
Ryz(H,(X)) < Ker(o) by contradiction, suppose that o([1],) # 0 and [1], €
Rz (H1(X)) for a loop . According to the fact in the proof of Lemma 3.7,
we have a 2-cover U consisting of path-connected open sets such that 0
[l ]n € Hi(Xy). Since Hq(Xy) is a free abelian group, we conclude [1], ¢
Rz(H,(X)), which is a contradiction. d

Example 3.9. We show the existence of a loop [ which is homotopic to the
constant loop, but does not contain a non-degenerate subloop of form ff~.
We denote the clockwise winding to the ¢-th circle of the Hawaiian earring
H by a;. Let Seq(2) be the subset of Seq consisting of sequences of 0, 1. We
define a loop as an infinite concatenation of loops whose sizes converge to
zero. Let | = Seq(2) \ {( )} and [ be the loop obtained by concatenating a;
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and a; according to the lexicographical ordering of I, i.e.
LTS24 50 s(4) 272 wnmlo=2 oyt 5(4)27 2 4 272 =
if s,, = 0 and
LIS 272 4 2 s(4) 272 St o= o v 5(3)27 2 4272 = qf

if s, = 1, where n = [h(s).

To show that [ is homotopic the constant loop, let p,, be the projection

Il
8

of H to the bouquet B, consisting of the first n circles. Then, p, ol is a
loop in B,, and it is easy to see that p, o is null-homotopic. Then [ itself is
null-homotopic [10, Thm 1]. The reason of the non-existence of a subloop of
[ of form f f~ follows from the fact that in [ each a; and a; have immediate

successors, but have no immediate predecessor.

The next example shows that we cannot replace the notion of the re-
ducedness of a loop in a space X with a sequence of reduced loops in the
nerves of X.

Example 3.10. We construct a reduced loop [ in H such that each projec-
tion of { to B,, is not reduced for 1 < n < w. The construction is similar to
the above. Let [ = Seq(2) \ {({ )} and concatenating a;a; and a; according
to the the lexicographical ordering on [ instead of concatenating a; and a; .

The fact that p, o [ is not reduced can be seen as follows. Consider
the appearance of a,a, in p, o l. Then, a, follows immediately, i.e. there
is a subloop ana,a, of p, ol and hence p, o is not reduced. To see the
reducedness of [ by contradiction suppose that a non-degenerate subloop
I' of | is null-homotopic. Without loss of generality we may assume that
the base point of I’ is 0. Then [’ should be an infinite concatenation of a;.
Let n be the minimal number such that a,, or a; appears in [’. Since [’ is

null-homotopic, the times of appearances of a,, and a,, are the same. In the

n’

subloop between neighboring a, and a,, or a, and a,, a,4; appears one

time more than a,,,, and hence ! is not null-homotopic. Hence, [ is reduced.

4. CONSTRUCTION OF LOOPS

For our construction of loops and cycles we prepare some notions which
have been used in [6, 5, 9], but some modification is necessary, since we need
to treat with loops with different base points. Though such a treatment has
been done by J. Cannon and G. Conner in the proof of [2, Theorem 6.7],
their presentation is not sufficiently precise to prove the next lemma. To
prove it an exact presentation on the line as that we have done in the

previous section is preferable, and we follow the line in [6, 5, 9].



SINGULAR HOMOLOGY GROUPS OF ONE-DIMENSIONAL CONTINUA 11

Suppose that natural numbers k; are given. Let S = {s € Seq : 0 <
s; < ki for 1 < i < [h(s)} and for s € S let a, = Zii(f)si/ﬂézlkj. Next
let T'={t € Seq : 0 < t; < (i+ 1)k;for1 < i < [Ih(t)}. Let S,, =
{s € S:Ih(s) =m} and T, = {t € T : lh(t) = m}. For t € Seq with
0 <t; < (i+ 1)k;, define s;, ¢, € Seq with lh(s;) = lh(c;) = [h(t) by:

(’L + 1)<St)z + (Ct>i = ti, 0 S (St)i < ]{32', O S (Ct>i < 7 + 1.
Let

be = SPO(3i+2)(se)i + (co)i + 1)/ (35 + 2)k;
= POt — (s0)s + 1)/TT_, (35 + 2)k;

and &, = 1/I1[%, (3@ 4+ 2)k;. If (¢)in@) < Ih(t) = m for t € T, then we have
tt € T and b+ = by + 3ep,. But, if (¢¢)inw) = lh(t) = m, then b, + 3¢, is not
equal to any by for t' € T. We remark that a, < ay if and only if s < s for
s,s € S and b; < by if and only if t < ¢ for ¢, ¢’ € T.

Let f:[0,1] — X be a path.

(*) Suppose that we are given finite open covers U,, of Im(f)
such that each U € U, is path-connected, the diameter of
each U € U, is less than 1/n, and U, y; is a refinement of
U, and also suppose that Uy € Uy and k, are chosen as
f([as, as+]) € Us and Uy C U for s < t.

Let I, be a loop in U, € Upy(s) with the base point f(as) for s € S with
Ih(s) = n. Let a1 = " Eses, (1 + D! [ls]n + on in Hi(X) for m > 1.
Our purpose is to define a path g along f so that g - f~ is a loop and
(m+D!|]g-f]n+ o1 — a, for each m € N.

For t € T,,, define g [ [b;,by — ] = I, and for t € T with (h(t) = m
and 0 < (¢;)m < m, define g [ [by + €m, by + 26,] = (f T [ast,asj])_. If we
define these for ¢ € T for [h(t) < m, the parts in [0, 1] where we have not
defined are ,cq, (by, by +€5) U {1}. For ¢ satisfying t; = (i +1)(k; — 1) +i
(for 1 < i < m = [h(t)), we have by + ¢, = 1. If g(x) is defined for
x € (b, by +€p), then g(x) € Us,. Hence g uniquely extends to a continuous
map on [0, 1], which we also denote by g. Now ¢ is a path from f(0) to f(1)
and hence gf~ is a loop. We'll show that

9f In — E?;_llzsesi (@ + D! L]n

is divided by (m + 1)!.
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For a fixed 1 < m < w, we cut ¢ into finitely many pieces and consider

an element of the chain group:

Z;Z_llxteTi g1 [be—ei,b] + E?:llzteﬂ,og(q)mi g | [be +ei, by + 2]
+ Bier, 9 I [be, b + €m)].

We see that g [ [by — &;, 0] =I5, is a loop if (h(t) =i and g | [by, by + 2¢4]
is also a loop if [h(t) =i and 0 < (¢); < 1.

For s € Sy, let Th,, s = {t € T}, : sy = s}. For t € T,,, define t* so that
t =% (tine)+1, - > tm), (Ce)ines) < IR(t*), and (¢;); = 4 for [A(t*) < i < m.
We remark that, t* = ¢ if and only if (¢;),, < m, and, t* = () if and only if
(¢r); =i for 1 <i<m.

Since g | [by, by + €] is determined only by s;, if s; = sy, then g |
b, by + €| = g | [byr, by + ] for £,/ € T,

If t* = ¢'* for distinct t,t' € T,,, then s; # sy. Hence the correspondence
from ¢t to s, on {t € T, : t* = u} is one to one for u € Y-, T; with
u(lh(w)) < lh(u) or for u = (). In addition, for v € |J* | T; with u(lh(u)) <
[h(u), we have g [ [by + €mnw), bu + 2emw) = (f T [as,,al])” and, for
t € T,, with t* = (), we have a corresponding subpath in f~ with which
g | [be, by + €] forms a loop.

Let Cpy ={t € T}y, : (¢1); =i for 1 <i < m}. Since [{t € T),, : s = s}| =
(m+ 1)! for s € S,,, we have

l9f7]n = B Sses, (i 4+ 1! L]
+Es€Sm (m + 1)' ﬁs7

where Bs = [g [ [bi, by + el (f | [as,al])"]n for t € C,,, with s, = s.
Hence, we have [gf 7], + a1 — quy = Yses,, (m + 1)!15s and [gf 7 |n + oy is
the desired one.

Lemma 4.1. Let X be a one-dimensional Peano continuum. Then Ker(o)

1s complete mod-U.

Proof. Let a,, € Ker(o) and «,, € Ker(o) and (m + 1)! | appy1 — oy in
Ker(o) for 1 < m < w. Then we have ~,, € Ker(o) such that (m+ 1)!v,, =
Qi1 — Q.

Let f :[0,1] — X be a path such that Im(f) = X and U, be finite
open covers of X such that each U € U,, is path-connected, the diameter
of each U € U,, is less than 1/m and U, is a refinement of U,,. To use
the preceding construction, we inductively choose k,, in the following way.
First k,, should be large so that for each s € S with [h(s) = m there exits
U € U, with f([as,as+]) € U. By Lemma 3.7 ,, can be expressed as the
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sum of homology classes of arbitrary small loops. We want loops in some
U € U,,, hence the number of loops might be large. Second k,, should be
large so that 7, is expressed by k,, loops each of which is in some U € U,,.
Hence we choose k,,, which satisfies the two conditions. Since each U € U,,,
is path-connected, a sum of homology classes of loops in U can be replaced
by a homologous loop in U. Hence we have U, € Ujy(s) and loops [ in U,
with base point f(as) so that

Ym = Litn(s)y=m [ls]n-
Then we have a1 = X Yges, (i+1)! [ls]n + a7 in H1(X) for m > 1. Now,
the assumptions for the preceding construction are satisfied and we have
the desired element [gf~|n + a. O

Lemma 4.2. [11, Theorem 2.1] Let X be a one-dimensional normal space.
Then Hq(X) is torsionfree.

Now, according to the facts in Section 2 Lemmas 4.1 and 4.2 imply

Lemma 4.3. Let X be a one-dimensional Peano continuum. Then Ker(o)

18 algebraically compact.

Lemma 4.4. (Folklore) Let X be a one-dimensional Peano continuum. If
X is semi-locally simply connected, then the Cech homology group Hy (X)
is isomorphic to a free abelian group of finite rank. Otherwise, Hy(X) is

1somorphic to 7¥.

Next we construct loops whose homotopy classes are in Ker(o) and
the homology classes which generate pure subgroups of H;(X) when X is
not locally semi-simply connected. Suppose that X is not locally simply
connected at zg € X.

First lemma is well-known and it can be proved using arbitrarily small

simple closed curves and we omit its proof.

Lemma 4.5. Let X be a one-dimensional space Peano continuum which is
not semi-locally simply-connected at xo. Then there exists a closed subspace
Y such that (Y, xo) is homotopy equivalent to the Hawaiian earring (H, o).

Then we have a dendrite D in Y such that Y \ D consists of countable
open arcs A, which converge to o by [7, Theorem 1.2] with its proof.

We construct certain reduced loops in Y. Let [, be a reduced loop which
starts from z¢, reach a one end of A, in D, goes through A,, and goes back
to z¢ in D. We call this direction of A,, to be plus and the reverse direction

to be minus.
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Let [} be the reduced loop of by, lbnti1l, b, 1, i€ [ goes plus Ay, plus
Agpy1, minus Ay, and minus Ag,;; when we disregard D. We call this
last property (x,,) for simplicity. Moreover, the reduced loops of [} - - - [, for
m > n also has this property (x,). Let [* be the reduced loop of the infinite
concatenation [j - - - [* - - - . Then we see that, for each 6 > 0, [* | [1 -6, 1] has
the property (x,) for sufficiently large n and for each n there exists 6 > 0
such that I* | [0,1 — ] has the property (x,). We remark that {*~ has not
the property ().

For a non-degenerate path f : [0,1] — X, a tail of f is a subpath
f 1[1—46,1] for some ¢ > 0. The following lemma is straightforward and we
omit its proof.

Lemma 4.6. Let fy--- fi be a reduced path. There exists a tail mg of I*
such that every subpath m in fo--- fi. which is equivalent to mgy or my is a
subpath of some f;.

Lemma 4.7. The homology class [I*], generates a pure subgroup of Hq(X)
which s isomorphic to 7.

Proof. Since Hy(X) is torsionfree, it is sufficient to show that [[*]; is not
divided by any n > 2. To show by contradiction, suppose that [I*], is
divided by some n > 2. Then we have a cyclically reduced loop [ and a
reduced path such that plp~ is a reduced with base point xg and [*pl"p~ is
of O-form among paths in X. We argue dividing to cases.

(Case 1) p is degenerate and [*I" is reduced:

We have [*I" = f, --- fx where fi,---, fi are paired forming O-form. By
Lemma 4.6 we have a tail my which satisfies the property in the lemma
for [*[---1 and f;--- fr under these presentations. Then the number of
occurrences of my is the same as that of mg in fi--- fx. Let a™ be the
number of occurrences of mg in [ and a~ be the number of occurrences of
mg in [. Then we have na®™ + 1 = na~ and hence n(a~ — a™) = 1, which
contradicts n > 2.

(Case 2) p is non-degenerate and [*pl"p~ is reduced:

We choose my similarly to Case 1 considering p and p~. Since the number
of occurrences of my in p is the same as that of m; in p~ and that of m,
in p is the same as that of mg in p~, we have a contradiction as in Case 1.

(Case 3) p is degenerate and [*[" is not reduced:

Since there is a tail ¢ of [* such that ¢~ is a a head of [, the reduced
loop of [*I™ of the form qog.l"! where qoq; = I* and ¢1¢» = [. Using

the presentation qygaqi - - - q1g2 and the O-form, we choose mg. Let a™ be
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the number of occurrences of mg in [ = ¢1¢» and a~ be the number of
occurrences of mg in [ as before. Since m; occurs once in ¢; and mg does
not, we have n — 1+ n(a™ — 1) = na™ and hence n(a™ — a~) = 1, which is
a contradiction.

(Case 4) p is non-degenerate and [*pl"p~ is not reduced: For a sufficiently
small tail mg of [*, we have gymy = [* and m; py = p. Then in the reduction
of qopol™pymo any tail of [ or its inverse is canceled. Hence we have a
contradiction as in (Case 2). 0

Lemma 4.8. Let X be a one-dimensional normal space. If Y is a path-
connected subspace of X, then H1(Y) is a subgroup of Hq(X).

Proof. Since every element of H;(Y') is a homology class of a loop in Y, we
let [ to be a reduced loop in Y. We only deal with the case that [ is non-
degenerate. Since the reduced loop of a loop is in the image of the original
loop, the reducedness does not depend on whether we consider in X or in
Y. Suppose that the homotopy class of [ belongs to a commutator subgroup
of m(X). Then [ is equivalent to a 0-form where each paths are generally
in X, but Lemma 3.6 implies that each path is in Y. Therefore, H;(Y") is a
subgroup of H;(X). d

Proof of Theorem 1.1. Let h : Hi(X) — Z be a homomorphism. By
lemma 4.1 we have h(Ker(c)) = {0} and consequently by Lemma 3.8 we
have Ker(o) = Rz(H1(X)). Therefore H,(X)/Ker(o) is a subgroup of the
direct product of copies of Z, which is obviously torsionfree. By Lemma 4.3
this implies that Ker(o) is a direct summand. If X is semi-locally simply-
connected, then it is well-known that H;(X) is a free abelian group of finite
rank. Otherwise, we have H;(X) = Z* and hence H,(X) = Ker(o) ® Z*.
Since there exists a subspace of X which is homotopy equivalent to the
Hawaiian earring H, the divisible part D(H;(X)) contains D(H,(H)) =
®.Q by Lemma 4.8. Since the cardinality of H;(X) is equal to or less than
c, we have D(H;(X)) = ®.Q. The remaining task is to determine the
cardinality about reduced algebraically compact group.

Since o([I*]5) = 0 for [* in Lemma 4.7, we see [I*];, generates a pure sub-
group of Ker(o). To show that Ker(o) contains a pure subgroup isomorphic
to a free abelian group of the continuum rank we modify the construction
of I* as in the proof of [11, Lemma 3.5]. There exists an almost disjoint
family consisting of infinite sets of integers, where S and 7' is almost dis-
joint if S NT is finite. Let 5 be the reduced loop of [} ---[* ---

in

, Where

ig < +++ < 1, < --- is the enumeration of S in the order of the integers.
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Now it suffices to show that Ig ,---,[5 is linearly independent for an al-
most disjoint family Si,--- ,S,. We have a finite set F' of integers such that
S; NS; C F for distinct 4, 5. For a set S of integers let r¢ : ¥ — Y be a
retraction such that rg(A,) C D for n ¢ S and rg [ A, is the identity for
n € S. Let \i[I§ ]n + -+ + A[l§, ]n = 0. By Lemmad.8, we may work in Y.
Let S = S;\ F. Since (rs).([l5,) is trivial for j # i but S # () and H;(X) is
torsionfree, (7s).([/s,]n) is non-zero and hence \; = 0. O

Remark 4.9. Here we show that the compactness of a space is essential for
the algebraical compactness of Ker(o) in Lemma 4.3. Let X be a subspace
of the plane obtained by attaching copies of H on the half line {0} x [0, o),
ie.
X = {0} x[1,00)U
1 1
{(z,y) : (:E——)2+(y—m)2:—2:3§n<w,1§m<w}.

n n
Then X is locally path-connected, path-connected, separable metric space.
In the m-th copy of the Hawaiian earring, we have a non-trivial element «,

in Ker(o) such that ([a,]n) is a pure subgroup of H;(X), where o is the

natural homomorphism to the Cech homology group. Then we have
(m+ D! | 24 a], — S7 0 o)

Suppose that Ker(o) is algebraically compact. Then we have a loop [ such
that (m + )| [1]n — X0 ! [ou]n for each 1 < m < w. Since the image of
is compact, we have mg such that
Im(l) € {0} x[1,me—1]U

1 1

{(x,y):(x——)2+(y—m)2:—2:3§n<w,1§m§m0—1}.
n n

Considering the retraction of X to

(@) @+ g —mo) = o :3<n<w),

we conclude (mg + 1)! | — mg![m,|n. Since Hy(X) is torsionfree, we have
mo + 1| [@mg]n, which contradicts that ([aun,,]n) is a pure subgroup.

Though Ker(o) may not be algebraically compact for a non-compact
space X, we have the following.

Theorem 4.10. Let X be a one-dimensional locally path-connected metric
space. Then Ker(o) = Rz(H1(X)).

Proof. By lemma 3.8 it suffices to show that Ker(o) < Rz(H;(X)). Since

each path-connected component is open by the local path-connectivity, the
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Cech homology group is the direct product of the Cech homology groups
of path-connected components. Hence without loss of generality we may
assume that X is path-connected. Let [ be a loop with [/];, € Ker(o) and
h : Hi(X) — Z be a homomorphism. We define a map ¢ : 7 — Ker(o)
such that h o ¢ becomes to be a homomorphism. For v € 2, ie. u =
¥2,m!la,, where 0 < a,, < m, we define a loop [, as follows. We modify
the construction in the proof of Lemma 4.1. Replace f by [ and for each a,,
we express a,,[ ], as the sum of homology classes of loops each of which is
in some U € U,,. Then we have a loop [, such that

(m 4+ D! [L)n — X0 ai ],

Let ¢(u) = [L]n. For u,v € Z, let u = £ ila;, v =52ilb; and u + v =

Y211 ¢; where 0 < a;, b;, ¢; <. Since
(m4+ D X"l e — (200 a; + X000 D),

we have
(m + D! A[luto]n) = (R([L]n + R([L]1))

for every m and hence h o p(u + v) = h o p(u) + h o ¢(v). Since Z is
cotorsionfree, h o ¢ is a trivial homomorphism, which implies A([1],) =
ho (1) =0. O

Remark 4.11. According to Theorem 1.1 H,(X)/Rz(H:(X)) is isomor-
phic to a free abelian group of finite rank or Z*. Even for one-dimensional
locally path-connected separable metric spaces X, Hi(X)/Rz(H1(X)) are
abundant. For this we refer the reader to [13, Section 6], we defined a factor
HT(X) of the singular homology group H,(X) and in our case H] (X) =
Hy(X)/Rz(H,(X)) holds. There we see the abundance of H{ (X). The
spaces defined there are not metrizable, but by a standard method inducing

metrizable topology we have metrizable spaces X with the same H;(X) and
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