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Specker’s Theorem and ...

Theorem 1. (E. Specker (1950))

Hom(Zω, Z) = 〈pn : n < ω〉. Consequently,

Hom(Hom(Zω, Z), Z) ∼= Zω canonically.

Notice that the cardinality of Hom(Zω, Q) is 22ℵ0 !

Here is a world of Duality.

J.  Loś (1955) introduced a notion of slender abelian groups

S, i.e. Hom(Zω, S) = ⊕n<ω Hom(Zn, S).

R. J. Nunke (1962) characterized the slenderness:

“An abelian group A is slender, if and only if A is torsionfree

and contains neither Zω, nor the divisible group Q, nor the

algebraically compact group Jp for any prime p.”



(continued)

S.U. Chase (1962) investigated homomorphisms from direct

products to direct sums of modules. For torsionfree abelian

groups An and Bi it is stated as:

Let h : Πn<ωAn → ⊕i∈IBi. Then there exist n0 and a

finite subset F of I such that

h(Πn≥n0An) ⊆ ⊕i∈F Bi + D(⊕i∈IBi)

where D(⊕i∈IBi) is the divisible subgroup.

A large part is mapped into a small part!

All of these are called “Specker phenomenon”.



Noncommutative versions

Higman’s Theorem (1952) in a topological form:

Any homomorphism from the fundamental group or the

shape group of the Hawaiian earring H to free groups factors

through the fundamental group of a finite bouquet.

In comparison with Specker’s theorem Higman’s theorem has

not attracted attentions for a long time. But now Higman’s

theorem, the non-commutative Specker phenomenon, is the

central concept in Wild Algebraic Topology, a world of

non-commutative Duality.
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Higman’s theorem for shape groups

Let π̌1(X) be the shape (Čech homotopy) group of X.

Higman’s theorem was strengthened.

Theorem 2. ([E2] 1998) Every homomorphism from the

shape group π̌1(H) to the fundamental group π1(H) factors

through the fundamental group of a finite bouquet.

Non-commutatively slender groups

Abelian groups are n-slender, if and only if they are slender.

Basic properties are in [E3](1992). Recently J. Nakamura

proved that the surfaces groups except a torsion case are

n-slender. It is unknown whether every finitely generated

torsion-free groups are n-slender or not.



Noncommutative Chase’s lemma

Theorem 3. ([E1] 2011) Let Gi (i ∈ I) and Hj (j ∈ J) be

groups and h : ××σ
i∈IGi → ∗j∈JHj be a homomorphism from

the free σ-product of groups Gi to the free product of

groups Hj. Then there exist a finite subset F of I and

j ∈ J such that h(××σ
i∈I\F Gi) is contained in a subgroup

which is conjugate to Hj.

In a version of [E3] (1992) the conclusion was:

h(××σ
i∈I\F Gi) is contained in ∗j∈J0Hj for some finite J0 ⊆ J .

A large part is mapped into a small part!

In case the range is an n-slender group, a small part is the

trivial group.



Complementary parts of the Specker phenomenon

The Specker phenomenon occurs when the target groups are

thin or sparced, mathematically speaking, slender groups,

n-slender groups, direct sums, or free products. There are

complementary notions.

Let σ : π1(H) → Zω. Then Ker(σ) is complete mod-U and

contains the divisible subgroup ⊕2ℵ0Q ([E3] 1992).

An abelian group A is complete mod-U, if for a given

sequence an(n < ω) of elements of A satisfying

n! | an+1 − an for every n < ω there exists a∞ such that

n! | a∞ − an for every n < ω.

Equivalently A/U(A) is comlete under the topology induced

from {n!A/U(A) : n < ω}, where U(A) =
∩

n<ω n!A.
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Abelian group A is algebraically compact, equivalently

pure-injective, if and only if A is complete mod-U and

UU(A) = U(A).

Torsionfree algebraically compact groups have simple

structures consisting of the divisible group Q and the p-adic

integer group Jp.

Compare with Nunke’s characterization of slender abelian

groups.

Note that Hom(A, Z) = {0} for A complete mod-U, more

generally Hom(A, B) = {0} for cotorsionfree abelian group

B.

These complementary parts concerns the abelianization, i.e.

singular homology.

Wild points are related to RED properties.
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Theorem 4. ([E4] 1991) If spaces X and Y are first

countable at x ∈ X and y ∈ Y respectively, then

H1((CX, x) ∨ (CY, y)) is complete mod-U.

In general

H1((CX, x) ∨ (CY, y))/U(H1((CX, x) ∨ (CY, y))) is a

union of complete subgroups.

Consequently, H1((CX, x) ∨ (CY, y)) is trivial and

H1(X ∨ Y ) = H1(X) ⊕ H1(Y ).

Theorem 5. ([EK] 2000) The integral singular homology

group H1(H) is isomorphic to

Zω ⊕ Πp:primeAp ⊕ ⊕2ℵ0Q,

where Ap is isomorphic to the p-adic completion of ⊕2ℵ0Jp.



New Properties

A functor

U∞(A) = 〈a ∈ A : n|a for infinitely many n < ω〉

was defined in Appendix of Cannon-Conner [CC]. This is

neither a radical nor a socle and hence its group theoretic

meaning is some what difficult to understand, where a

radical R satisfies R(A/R(A)) = {0} and a socle S does

S(S(A)) = S(A).

We have U∞(Jp) = Jp, while U(Jp) = {0}. If U∞(A) = A,

then Hom(A, Z) = {0}. Not much is known about this

functor.

There are descriptions on abelian groups in Appendix of

Cannon-Conner [CC].
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H. Fischer proposed the following property of a group G.

For every Peano continuum X and every

homomorphism h : π1(X) → G,∩
{h(π1(U)) : U covering on X} = {e}.

If G is n-slender, G has this property. Actually, G is

n-slender if and only if for every Peano continuum X and

any homomorphism h : π1(X) → G there exists a covering

U on X satisfying h(π1(U)) = {e} if and only if for any

homomorphism h : π1(H) → G there exists a covering U on

H satisfying h(π1(U)) = {e}.

If we restrict to the case that G is abelian,∩
{h(π1(U)) : U covering on H} = {0} holds if and only if

G is cotorsionfree.

Even in case G is abelian, the preoperty should be

investigated more.
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